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Fig. 3 | Probability of laser-induced hopfion nucleation. a-c, The probability

of skyrmion nucleation is also shown for comparison. The sample was first
saturated by a strong out-of-plane magnetic field and then exposed to asequence
of1-Hzlaser pulses. A similar process isillustrated in Supplementary Video 2.

a, Nucleation probability in a110-nm-thick sample for different applied magnetic
fields at a fixed temperature of 95 K. b, Nucleation probability in a130-nm-thick
sample at different temperatures in zero applied magnetic field. ¢, Nucleation

probability in samples of different thickness at a fixed temperature of 95 K in zero
applied magnetic field. For each condition, at least 50 pulses were applied to
each sample. The nucleation probability is defined as the fraction of pulses that
produce at least one hopfion (or skyrmion). Error bars represent uncertainty in
cases where the contrast cannot be characterized as a pure isolated hopfion or
skyrmion due to the presence of adjacent textures. Including or excluding such
ambiguous events provides upper and lower limits, respectively.
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Fig. 4| Stability of hopfions with H=-1in thin plates. a, Theoretically calculated
collapse field of isolated hopfions in an extended plate. The red line (solid circles)
andblueline (hollow circles) correspond to cases with and without a 7-nm-thick
FIB-damaged layer, respectively. The collapse field exhibits an oscillation with
plate thickness, with a periodicity of approximately -: B. Theright axis indicates
the external field in reduced units to the critical field, B, corresponding to the
saturation field of the cone phase (Methods). The orange vertical bands mark
approximate thicknesses of 110 + 5nm,170 + 5nmand 200 £ 5 nmin the
experimentally studied samples. The horizontal red dashed line marks the

average collapse field of 180 mT for a wide range of plate thicknesses. The black
squares denote experimentally measured collapse fields. Error barsindicate the
range between the extreme values and the mean collapse field. For each
thickness, collapse fields were extracted from three or four independent
field-evolution events within the same sample. b,c, Series of Lorentz TEM images
showing the in-field evolution of hopfions in a110-nm-thick plate under positive
(b) and negative (c) external magnetic fields. d,e, In-field evolution of a hopfion
in170-nm-thick (d) and 200-nm-thick (e) plates. Scale bars, 100 nm.

assumed in the calculations. Notably, the presence of a FIB-damaged
layer substantially broadened the hopfion stability range. Without
damage, the critical thickness for stability was ~140 nm, whereas with
adamaged layer, it was ~75 nm. We attribute this difference to the pres-
ence of another surface barrier created by the damaged layer, which
prevented hopfion escape at the sample surface.

The hopfion collapse field exhibited oscillatory behaviour with
sample thickness, which is attributed to a chiral surface twist effect.
Such oscillations reduced with increasing thickness and converged to
anearly constant value of about~180 mT (horizontal dashed line). For a
very thin plate, the collapse field could substantially deviate from this
value toreachavalue ofupto-220 mT.

The theoretical diagram is in good agreement with the experi-
mental data. In particular, Fig. 4b,c shows Lorentz TEM images of iso-
lated hopfionsinall0-nm-thick sample, and Fig. 4d,e shows hopfions
in 170-nm-thick and 200-nm-thick samples as a function of applied
magnetic field. Under-focus images corresponding to Fig. 4b-e are
providedin Extended DataFig. 6a-d. Theseresultsindicate that sample
thickness does not markedly affect hopfion stability. This behaviour
is consistent with the hopfion being a fully 3D magnetic object that
is localized in all spatial directions. In agreement with the diagram,
hopfioncollapseis consistently observed at-185+10 mT. Other experi-
mental data showing the in-field evolution of isolated hopfions are
providedin Extended Data Figs. 7aand 8aand Supplementary Video 3.
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Reduced reaction coordinate

Fig. 5| MEP for hopfion nucleation and annihilation. a, The MEP consists of two
parts. The first part (blue) corresponds to the merger of a skyrmion-antiskyrmion
pairinto anisolated hopfion, and the second part (red) corresponds to the collapse
of ahopfioninto the conical phase. Each point represents the energy of asystem
configuration along the MEP, obtained using the RGNEB method. Insets: the
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energy barriers AE,, and AE.. b-g, Snapshots of the system at selected points along
the path, presented in the same format as Fig. 1a. The skyrmion-antiskyrmion pair
(b) and hopfion (e) correspond to local energy minima. The configurationsincand
fcorrespond to saddle points, and those ind and g correspond to intermediate
states. The spherical isosurfaces in g mark the positions of Bloch points.

Antiskyrmion

Furthermore, Extended Data Fig. 8d demonstrates the long-term tem-
poral stability of a single hopfion, as it shows nearly constant Lorentz
contrast over time.

Energy barriers for hopfion nucleation

To estimate the energy barriers and possible mechanisms for hopfion
nucleation and annihilation, we calculated the minimum energy paths
(MEPs)**¢, The MEPs shown in Fig. 5a are for an FeGe plate of thickness
105 nminzeroexternalfield, assuming the same FIB-damaged layer as
in the micromagnetic simulations (Methods). The vertical axis corre-
spondstothe energy of the system, and the horizontal axis corresponds
totheso-calledreaction coordinate. The latter termdescribes therela-
tive distance between distinct spin configurations in multi-dimensional
geodesic space®*, Points in the MEPs corresponding to values of the
reduced reaction coordinate of 0 and 1 correspond to local energy
minima of the system. They describe the stable skyrmion-antiskyr-
mion pair depicted in Fig. 5b and the hopfion depicted in Fig. Se.
A reduced reaction coordinate of 2 corresponds to the helical spiral
state. Figure 5¢,f shows snapshots of the system at the saddle points.
Intermediate configurations are shown in Fig. 5d,g.

The MEP shownin Fig. 5a comprises two parts. The first part (blue)
corresponds to the merger of a skyrmion-antiskyrmion pair into a
hopfion. The second part corresponds to the collapse of a hopfioninto
the helical phase, which can follow two distinct pathways: collapse via
hopfion shrinking (red) and hopfion escape through the free surface
(yellow). Extended Data Fig. 9 shows these paths separately and includes
further snapshots of intermediate configurations. When viewed in the
reverse direction, thatis, fromthe low energy to the high energy states,
the first part can be thought of as a hopfion splitting into a skyrmion
and anantiskyrmion, and the second part can be thought of as sponta-
neous hopfionnucleationin ahelical background. Both processes are,
of course, highly improbable due to the presence of very large energy
barriers. Therefore, hopfion formation via the merger of a skyrmion-
antiskyrmion pair seems to be the most plausible mechanism. Note that
this transition was continuous, and no magnetic singularities appeared

throughout the path. The energy barrier for the transition from a
skyrmion-antiskyrmion pair into a hopfion, AE,,,, is relatively low.
Collapse ofthe hopfionis protected by slightly higher energy barriers,
AE > AE,. Asaresult, the probability for the transition from a skyrmion-
antiskyrmion pairinto ahopfionis expected to be higher than the prob-
ability for hopfion collapse. The above arguments are naturally applied
for lower temperatures, k; T < AE,, where ki is the Boltzmann constant,
and they agree with the experimental observations. Supplementary
Video 4 illustrates hopfion nucleation from the merger of a skyrmion
and an antiskyrmion, both experimentally and theoretically.

Composite textures with hopfions

Figure 4b illustrates a composite state, in which a hopfion s located
next to a hopfion ring on a skyrmion string. Such a configuration is
not unique. Our experiments reveal that femtosecond laser excitation
cannucleate awide diversity of composite textures, including hopfion
clusters, hopfion-skyrmion pairs and hopfion-antiskyrmion pairs.
Figure 6 illustrates such configurations and their in-field evolution.
All the composite textures in Fig. 6 were nucleated in the absence of
anexternal magnetic field. More examples of composite textures with
hopfions are provided in Extended Data Figs. 7b,c and 8b-d.

The in-field evolution of such composite textures is, in general,
consistent with the collapse field estimated for an isolated hopfion.
However, for configurations in which a hopfion interacts with other
magnetic textures, it often collapses at aslightly lower field. For exam-
ple, in a hopfion pair (Fig. 6a), the first hopfion collapses at 167 mT,
whereas the other hopfion couples to askyrmion and then disappears
at -200 mT. In a hopfion-skyrmion pair (Fig. 6b), the hopfion col-
lapses at 196 mT, whereas the adjacent skyrmion remains stable until
~500 mT. By contrast, in a hopfion-antiskyrmion pair (Fig. 6c), the
antiskyrmionvanishes first at 108 mT, followed by hopfion annihilation
at132 mT. Under-focusimages correspondingto Fig. 6 are providedin
Extended Data Fig. 6e-h. These results indicate that the presence of
magnetic inhomogeneities introduces local distortions, which lower
the effective energy barrier for hopfion collapse.
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Fig. 6 | Evolution of hopfions in a perpendicular external magnetic field.

a-d, The first column shows isosurfaces (m,=-0.5) for different statically stable
combinations of topological solitons, including a hopfion pair (aand d), a
hopfion-skyrmion pair (b) and a hopfion-antiskyrmion pair (c). The simulations
were performed inadomain of size 512 nm x 512 nm x 110 nm, with periodic
boundary conditions applied in the x-y plane and a mesh of 256 x 256 x 55

cuboids. Ina, the hopfions are aligned parallel and in d the hopfions are aligned
vertically. Their field evolution is shown in the form of over-focus Lorentz TEM
images in subsequent columns. The strength of the applied magnetic field is
marked in the upper left corner of eachimage. The Lorentz TEM images were
acquired at 95 K with a defocus of 700 um. The sample thickness was 110 nm.
Scalebars,100 nm.

Note that thetheoretical diagram showninFig.4aisassumedtobe
symmetrical with respect to the direction of the applied perpendicular
magnetic field. In other words, theory predicts that the most favour-
able hopfionstateisatzeroappliedfield. Anincreaseinthe strength of
the perpendicularappliedfieldin either direction should thenlead to
hopfion collapse atidentical fields. This predictionisin full agreement
with the experimental observations. When an external magnetic field
isappliedinthe opposite direction (see, for example, Figs.4c,d and 6d
and Extended Data Fig. 7b), hopfions in all configurations annihilate
atnearly the same values: =174 mT (isolated), =183 mT (hopfion pair),
-189 mT (hopfion-skyrmion) and -130 mT (hopfion-antiskyrmion).
Supplementary Videos 5, 6 and 7 show the field-sweep evolution for the
hopfion-skyrmion, hopfion-antiskyrmion and hopfion-skyrmion-
antiskyrmion configurations, respectively.

In addition to a perpendicular field, hopfion stability was also
assessed for magnetic fields that were tilted by small angles of
~5-8°. Such a tilt can be interpreted as an another in-plane mag-
netic field applied to the sample (Extended Data Fig. 10). Hop-
fions are then expected to become more fragile and to collapse at
lower fields, ~+55 mT. Nevertheless, in some measurements, hop-
fions survived up to 180 mT, even in the presence of tilted fields
(Extended DataFig.10a).

The results presented here establish a magnetic-field-free and
contactless approach for nucleating 3D topological solitonsin a cubic
chiral magnet, FeGe. This approach goes beyond the geometrically
confined nanostructures studied in earlier works®. Furthermore,
theseresults may lead to new concepts for spintronics based on other
approaches for manipulating 3D magnetic textures with alaser beam.

Duringthereview process, we became aware of asubmitted manu-
scriptreporting the electrical writing of heliknotons in chiral magnets .
This work demonstrates that magnetic hopfions can be nucleated
and moved by electrical current pulses, which may be relevant for
potential applications. Accordingly, this points to two complementary

approaches to hopfion nucleation—current-induced nucleation and
optical nucleation—introduced here.

Online content

Any methods, additional references, Nature Portfolio reporting sum-
maries, source data, extended data, supplementary information,
acknowledgements, peer review information; details of author contri-
butions and competinginterests; and statements of dataand code avail-
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Methods

Specimen preparation

FeGe TEM specimens were prepared from a single crystal of B20-type
FeGe using astandard lift-out method from the bulk using aFIB instru-
ment (Helios 5 CX DualBeam, Thermo Fisher Scientific). The FeGe
lamellae used in this work had lateral dimensions of the order of afew
micrometres in each direction.

Insitu optical Lorentz TEM experiments

Fresnel defocusimages wererecorded inafour-dimensional electron
microscopy system based on a Thermo Fisher Talos F200i*. Experi-
ments were performed at 95 Kusing a double-tilt cooling holder (Gatan
model 915). Lorentz images were recorded in Fresnel mode with an
out-of-plane magnetic field applied to the sample via the objective
lens by tuningits current. The defocus distance for all Fresnel defocus
Lorentzimageswas 700 pm.

The experimental set-up allows single-shot femtosecond laser
excitation under Lorentz phaseimaging conditions. Femtosecond laser
pulses (515 nm for 240 fs) were triggered by a digital delay generator,
which delivered single shots with fluences ranging from 0 mj cm™to
40 mJ cm™. The laser spot was adjusted to ~50 pm to ensure uniform
illumination of the sample. According to aprevious report*®, under the
present experimental conditions, the optical reflectivity of FeGe was
~47 % and the penetration depth was estimated to be 15.8 nm.

Micromagnetic simulations

In our theoretical examination of magnetic states, we employed a
canonical model designed for isotropic chiral magnets. This model
encompasses Heisenberg exchange, DMI and demagnetizing fields.
The corresponding energy density functional can be expressed
as follows™*:

&= dr4a 3 |Vm? + Dm- (V x m)
Vin i=xy,z
3
—Mgm-B+ = | dr ¥ |VAg[?
2p0 R3  i=x),z

where V,, is the volume of the magnetic sample, m(r) = M(r)/M; is the
magnetization vector field, M is the saturation magnetization, y, is
the vacuum permeability, A4(r) is the component of the magnetic vector
potential induced by the magnetization, and 4 and 2 are the Heisen-
berg exchange constant and DMI constant, respectively. Itis assumed
that the magnetic field B(r) is a sum of the external magnetic field B,,,
and the demagnetizing field produced by the sample:B=B,,,+ V X A,.
Here we use material parameters for FeGe: 4 =4.75pJ m7,
»=0.853 m) m2and M, =384 kA m™. We define the critical field above
which the conical phase transitions to the ferromagnetic state as
B. = Bp + oM, where B, = D?/(2M,A); the magnetic field is applied
perpendicular to the plate. Periodicboundary conditions were applied
inthex-yplane. The damaged layer was -7 nm. All the micromagnetic
simulations were performed using Excalibur®®.

Initial state for hopfions

Inthis section, we outline the procedure for generating an initial hop-
fion configuration, which serves as a starting point for micromagnetic
simulations. We consider a magnetization vector field m on an s?
sphere, parameterized by an azimuthal angle @ and apolar angle 6, that
is, m = (sin O cos &, sin O sin &, cos O) . Making use of equations (4)
and (5), we embedded a hopfion into a ferromagnetic background™:

9=n<1—i), 0<n<R, @)

Ry

@:arctan(z)—arctan( z )—E (5)
X R,—p) 2’

where R, and R, are the minor and major radii of the hopfion, respec-

tively. p = 2 + y2and p = 1/ (R - p)* + 22 However, ahopfioncreated
by equations (4) and (5) was found to be unstable in these calculations.
Tostabilize it, other transformations were performed on this texture.
First, the hopfion was rotated by 90° about the y axis, as shown
in Extended Data Fig. 1a. This rotation can be expressed in the form:

cos T 0 sinZ
2 2
010 m. (6)

—sinZ 0 cos &
2 2

Next, spiralization was applied to the texture in Extended Data Fig. 1a
in the +z direction, resulting in the configuration shown in
Extended Data Fig. 1b.

By relaxing the state in Extended Data Fig. 1b, a hopfion embed-
ded in a cone state was obtained, as shown in Extended Data Fig. 1c.
This configuration agrees well with our experimental observations.
The spiralization along the zdirection can be expressed in the form:

cos@ —sing O
” . , 2n
m’ =| sing cosgp 0 |m, (p:L—z. (7)
D
0O 0 1

After energy minimization (relaxation) of the initial configuration,
thetexture showninFig.1aand Extended Data Fig. 1c was obtained. In
Extended Data Fig. 1c, the hopfion is visualized via the isosurface at
m, =0, whereas in Fig. 1a, the isosurface for m,< 0 is displayed. An
alternative way to visualize ahopfionembeddedinahelical background
is through despiralization—the opposite procedure to spiralization—
defined by ¢’ = —p. When it is applied to the texture shown in
Extended DataFig. 1c, this transformationyields a hopfion embedded
inaferromagneticbackground, asillustrated in Extended Data Fig. 1d.

Hopfion stability diagram

The stability diagram shown in Fig. 4a was calculated using Excalibur
with the following parameters. The cuboid size in the finite difference
scheme was fixed at 1.75 nm x 1.75 nm x 1.75 nm. To suppress inter-
actions between periodic images of the hopfion resulting from the
boundary conditions in the x-y plane, a relatively large simulation
domain of 560 nm x 560 nm (320 cuboids in each lateral direction)
was used. The sample thickness was defined by the number of cuboid
layers along the z axis.

For eachsample thickness, the stability of the hopfion was tested
bystartinginzero field and gradually increasing the applied magnetic
field B, || e,, where e, is the unit vector along the zdirection, until the
hopfion collapsed. Calculations were performed both with and with-
out the presence of a FIB-damaged layer, which was modelled as four
cuboid layers (-7 nm) at each sample surface.

MEP calculations

Tocompute the MEPs shownin Fig. 5, the regularized geodesic nudged
elasticband (RGNEB) method* was used. RGNEB extends the standard
GNEB approach**¢ to the regularized micromagnetic model intro-
duced inref. 52. In the regularized micromagnetic model, the order
parameter is afour-dimensional vector v=(v;, v,, v, v,) constrained to
the s3>sphere, sothat |v| = 1. Thefirst three components correspond to
the magnetizationm=(m,, m,, m,), whereas the fourth, auxiliary com-
ponentsatisfies v2 = 1—|m|2 This representationimposes the natural
constraint |m| <1across the entire sample. Within this model, the
Heisenberg exchange termin equation (3) isreplaced by

4
A VM e A VP + K2, ®)

i=xy,z i=1
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where k is a phenomenological constant (J m™) that determines the
Bloch point localization®. All the other terms in the micromagnetic
Hamiltonian follow from the substitution (m,, m,, m,) — (v;, v, v;) and
areindependent of v,.

RGNEB calculations were performed using an open-source micro-
magnetic simulation package™ that is based on a fork of the MuMax3
code’*. The material parameters were identical to those used in micro-
magneticsimulations, with x=10>M,B, (= 76.54 ) m ). As shown earlier
in ref. 51, for 10 < k/M,B,, <1072, the energy barrier varies negligibly.
The calculations were performed in adomain with sizesin thexandy
directions of 210 nmand a thickness of 105 nm. The mesh density was
128 x128 x 64 nodes. For consistency with the micromagnetic simula-
tions, in the MEP calculations, periodic boundary conditions were
applied in the x-y plane and a FIB-damaged layer of thickness ~7 nm
was assumed on each sample surface. The reaction coordinates in
the MEP calculations shown in Fig. 5a and Extended Data Fig. 9a-care
giveninreduced units.

The MEP shown in Fig. 5 comprises three segments that connect
local energy minima representing a skyrmion-antiskyrmion pair, a
hopfion anda conical state with weak surface modulations. Snapshots
ofthe skyrmion-antiskyrmion pair and hopfion are showninFig.5b,e,
respectively. More snapshots of intermediate states along each MEP
are provided in Extended Data Fig. 9. Initial paths were constructed
using snapshots of the system obtained during micromagnetic simula-
tions of corresponding processes™. For example, to generate aninitial
path describing a skyrmion-antiskyrmion merger into a hopfion, a
skyrmionand an antiskyrmion were placed at a distance at which they
begin to merge under energy minimization. Intermediate snapshots
of this evolution were then used as images forming the initial guess
for the MEP calculation. These pseudo-dynamical simulations were
performed using the Excalibur code*. The final MEPs were obtained
using aniterative RGNEB algorithm.

Homotopy group derivation
In this section, we use algebraic topology, focusing on the long exact
sequence of homotopy groups, m(A) and m(B), and relative homotopy
groups, (A, B), for the pair of spaces A D B. The sequence is a chain of
group homomorphisms, such that the image of one homomorphism
equalsthekernel of the next™. We derive group G=1t5(4, B) based on other
groups surrounding it in the chain. The third relative homotopy group
1, is a homotopy group classifying maps introduced in equation (1),
sothat the domain for the function fis the cube P and the overall codo-
mainisthe setA, f{r e ) e A. Onthe boundary of the cube, the function
takes values in B, f(r € 0F) € B.For our order parameter, the space is the
sphere A = $?, and the subspace is associated with restrictions on this
sphere, so we denote it by the set-theoretic difference B = §2\U:':1Xi .
EachX;intheaboveunioniseitherapointonthesphereoracontractible
region (such as a spherical cap) with or without aboundary. Also, none
ofthesedomainsoverlap, X; n X ;; = @. The totalnumber of punctured
domains (holes) is any positive integer, n € z+.For everysuch B, thereis
adeformation retraction of Binto some connected graph I". This map-
ping can be thought of as expanding every hole X;so that, at the end, all
thatremains fromthe sphereis aset oflines connected by points. Thus,
we have homotopy equivalence, B~ T In turn, the higher homotopy
groups of a connected graph are trivial, m,.,(I") = 0, which can be
revealed, forexample, by taking the tree (it is a contractible space) as the
universal cover of thegraph®. The lastimportant component hereis the
classic result of homotopy theory established by Hopf et al.: the third
homotopy group of the sphereisisomorphictotheintegers, m3(S?) = Z.
Substituting all the above equalities into the long exact sequence,
we obtain:

. > w3(B) > m3(A) - m3(A,B) » ma(B) - ...

| | | | )
0 7 G 00— ...

In the resulting short exact sequence (chain of three homomor-
phisms bounded by zeros), the central homomorphism canonly be an
isomorphism. Therefore:

G=17, (10)

which completes the derivation of equation (2) presented in the
main text.

Below, we provide some important special cases of equation (2)
infull notation:

m3(S%, S2\{P}) = m3(S%, Po) = m3(S?) = Z, an
5(S2, SP\[P, P,}) = m3(S%,SY) = 7, 12)
5(S2, S2\[Py, Py, P3}) = m5(S2,S' v St = 7, (13)

where P;are points on the sphere.

Hopfindex calculation
Our method of finding the integer topological invariant H for
equation (2) involves atwo-step procedure. First, we apply anauxiliary
map p : m(r) » m(r), such that it does not change the topological
invariant Hbut simplifies the boundary conditions: m(r € 8£2) = const,
where Q denotes the domain of hopfionlocalizationand 0Qis the bound-
ary of this domain. Second, we use the Whitehead integral formula.
Wefocusonthecaseisolatedinequation (11) and then prove that
the sameroutineis universal for all other cases of equation (2). For the
auxiliary map, we use deformation retraction resembling the half of
the ‘dumbbell’introduced inref. 41. For convenience and without loss
of generality, we assume that the base pointis the north pole (Py), and
the punctured pointis the south pole (Ps):

P (S SAPs) — (S, Py), (14)
mX zym)(
my |~ | 2ym, R 15)
m, 1-2y* (1 - m)A+ )

where

H—m, .
y= [\/ (-m)(1+p)*’ ifm; <.

0, otherwise,
and where the parameter u=p(r) isamonotone function that changes
in value from +1 to -1 from inside Q to the boundary 0Q. For Q in the
form of a cuboid described in dimensionless coordinates as
np3 € [-1/2, 1/2], we use

wo-m(-A)3-AEg) e

For the unit vector field m obtained from equation (15), we calculate
the Whithead integral:

1 -1
H=—-—— drF-[(V F], 17
o | drF-(@07R 17)
where F represents the vector of curvature, defined as
[0,,m x 0,,m]
(18)

m-
F=| m-[0,mx0,m]
m-

[0, m x O, m]

Nature Physics


http://www.nature.com/naturephysics

Article

https://doi.org/10.1038/s41567-026-03236-0

Asinref. 13, the vector field F was calculated using the Berg-Liischer
method*®, and the following integral was calculated numerically to
give the vector potential:

n
(V) 'F= / driFxeé,. 19)
-1/2

Next, we prove that the procedure starting with equation (15) is
universal for all other cases. Because every holey sphere can be con-
sidered as aninclusioninto the single-punctured sphere,

S2\ U X; & S2\(P; (0)
O X< s\p)

there is an induced homomorphism of the corresponding relative
homotopy groups:

m3(S?, S\ Ui Xi) = m3(S?%, S*\{P;})
[ [ : @0
7 7

Asimple analysis reveals that homomorphism equation (21) isan
isomorphism.Indeed, anarbitrary element m; of the group m;(S?)isan
element of both groupsin equation (21) because one canalways choose
abase point outside the holes. Let us consider one of these elements
thathas unit charge, H(m;) = 1. It turns out thatahomomorphism from
integers to integers (endomorphism®’), whichis always multiplication
by aninteger, canresultinaninteger equal to1. Thisis possible only if
the homomorphism s a multiplication by +1. As such multiplications
are in the group of automorphisms Aut (z), we obtain that the homo-
morphism equation (21) is anisomorphism. Accordingly, to calculate
H, the procedure starting with equation (15) is always applied when
choosing abase point outside the holes.

Data availability
All dataareavailable fromthe corresponding authors uponreasonable
request. Source data are provided with this paper.

Code availability

All simulations were performed using established commercial or
publicly available software. All source codes are available from the
corresponding authors upon reasonable request.
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spiralization
il ™~

Extended Data Fig.1|Spin texture inasimulated box of size 4L, x 4L, x 2L,
withL,=70 nm. a, The first column shows the initial hopfion ansatzembedded
inaferromagnetic background with m,=(-1, 0, 0).b, The second column
shows the spin texture after applying the spiralization Eq. (7), where the spiral’s
wavevector k is parallel to the zaxis with |k| = 2r1/L .. ¢, The third column shows
the spin texture following energy minimization, assuming periodic boundary
condition in the xy plane.d, The fourth column shows the relaxed spin texture

relaxation despiralization

BDL

from c after applying despiralization. The first row shows isosurfaces of m,=0.
The second, third, and fourth rows show the magnetization field in the y-z, x-y,
and x-zmiddle planes, respectively. The parameters d and D define the small and
large diameters of the toroidal hopfion ansatz. In the configuration shownin
a,d=D=0.3L,. The grid size is 140 x 140 x 70. Color mapping: Black: magnetic
moments aligned along the +z direction; Green: magnetic moments aligned
along the +y direction; Red: magnetic moments aligned along the +x direction.
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FeGe (amorphous) ,

Extended Data Fig. 2 | Diffraction patterns and cross-sectional TEM analysis.
a-c, Diffraction patterns recorded from 110nm-thick-, 130-nm-thick, and 170-nm-
thick FeGe samples, with the zone axis [122] oriented along the plate normal.

d, Diffraction pattern recorded from a 180-nm-thick FeGe sample with the zone
axis [123] oriented along the plate normal. e, Cross-sectional high-angle annular
dark field (HAADF) image of a FIB-prepared FeGe lamella recorded in scanning
TEM (STEM) mode. The FeGe sample was first thinned to approximately 150 nm
using FIB milling. Carbon protective layers were deposited on both sides of
thelamella plane, after which a cross-sectional specimen was extracted and

180 nm

mounted on aFIBlift-out grid. Final thinning was performed using plasma FIB
(Helios 5Hydra UX DualBeam, Thermo Fisher Scientific) to avoid secondary
Ga'implantation. The image reveals a crystalline FeGe layer (100-nm-thick)
sandwiched between FIB-induced amorphous FeGe layers. f, Magnified view of
theinterface between the amorphous and crystalline FeGe layers. g-k, Energy
dispersive X-ray elemental maps showing Ga* implantation into the FeGe lamella,
withan estimated penetration depth of - 8 + 2 nm defining the damaged region
where Geisremoved.
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Extended Data Fig. 3 | Experimental data points in a phase diagram for applied ata frequency of 1Hz, typically at least 50 times, to statistically assess
al110-nm-thick FeGe plate. These data points were used to construct the the presence or absence of a particular spin texture. If the Lorentz TEM contrast
schematic phase diagram shown in Fig. 1b. Each gray point corresponds to a characteristic of the corresponding magnetic texture (helix, skyrmion,
specific value of the applied magnetic field (0-50 mT) and laser fluence antiskyrmion, hopfion) was observed in at least one measurement, then the data
(0-17 mjJ/cm?). Before each measurement, the sample was taken to magnetic point was assigned to the corresponding domain in the diagram.

saturationin a positive out-of-plane field. Laser pulses were then repeatedly
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Extended DataFig. 4| Tilt series of Lorentz TEM images of hopfions. over-focus Lorentz TEM images. The rotation angles are labeled in the upper

a, Three-dimensional isosurface of a hopfion. The labeled axes indicate rotation panel. The Lorentz TEM images were recorded at 95 K with a defocus value of 700
directions for the tilt series. b, Tilt series of over-focus Lorentz TEMimages of the ~ um. The sample thicknessis 110 nmin panelsband ¢,and 130 nmin paneld. The
hopfion rotated around the a axis. c, Tilt series of over-focus Lorentz TEM images simulations in panels b and ¢ were performed in domains of identical size

of the hopfion rotated around the Baxis. d, Tilt series of over-focus Lorentz TEM (300 nm x 300 nm x 110 nm), while those in panel d used adomain of 300 nm x
images of the hopfion rotated around the y axis. Upper panel: Experimental 300 nm x130 nm. The scale baris100 nm.

over-focus Lorentz TEM images; lower panel: Corresponding simulated
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Extended Data Fig. 5| Quantitative comparison between experimental and
theoretical TEM images for different statically stable configurations. The first
columninashows experimental Lorentz TEM images recorded from a130-nm-
thick sample at 95K in zero applied magnetic field. The remaining columns in
ashow simulated Lorentz TEM contrast for different statically stable magnetic
configurations, illustrated at the bottom of each column by anisosurface of
m,=-0.45. All of the simulations were performed in domains of identical

size (256 nm x 256 nm x 130 nm) using the same material parameters (see
Methods) and including a 7-nm-thick dead layer at the sample surfaces. All of the
configurations correspond to local energy minimain zero magnetic field, except
for chiral bobbers, which require an external magnetic field for stability. The
firstand second rows in ashow under-focus and over-focus Lorentz TEM images,
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respectively. The defocus distance is identical for the experimental images and
simulations and equals 700 um. The scale bar in allimages in ais 100 nm. The
third row show electron phase shift maps, which were recorded using off-axis
electron holography and, unlike Lorentz TEM, provide a quantitative signal. All
ofthe experimental and simulated phase shiftimages are shown on the same
gray scale, asindicated at the bottom of the first column. Panels b and c compare
line profiles extracted from the phase shift maps in a along the lines connecting
points A and B. The best agreement with the experimental signal is obtained for
the hopfion configuration. Other configurations differ in the magnitude and
shape of the phase shift profiles and in the stability conditions under which they
exist. (Notably, chiral bobbers require an external magnetic field).
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Extended Data Fig. 6 | Under-focus Lorentz TEM images corresponding to the over-focus images shown in Fig. 4 and Fig. 6. a-d correspond to the over-focus
imagesinFig. 4b-e. e-h correspond to the overfocusimagesin Fig. 6. All of the images were recorded at 95 K with a defocus of 700 pm. The scale bar is 100 nm.
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Extended DataFig. 7 | Field evolution of hopfions in a perpendicular external The magnetic field magnitudes are indicated in the upper left corner of each
magnetic field in a110-nm thick sample. a, Isolated hopfion. b, Hopfion- image. All of theimages were acquired at 95 K with a defocus value of 700 pm. The
skyrmion. ¢, Hopfion-antiskyrmion. d, Hopfion-skyrmion-antiskyrmion. scalebaris100 nm.
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Extended DataFig. 8 | Field evolution of hopfions in a perpendicular magnetic d, Temporal stability of an isolated hopfion in zero magnetic field in a130-nm-

field in samples of different thickness and temporal stability of anisolated thick sample. The Lorentzimages were acquired at different time points, with the
hopfion. a, Field evolution of anisolated hopfion ina200-nm-thick sample. timelabeled at the lower right corner. The sample thicknesses are indicated in the
b andc, Field evolution of isolated hopfions in a170-nm-thick sample. The upper right corners of the leftmost images. The over-focus Lorentz TEM images
magnetic field magnitudes are indicated in the upper left corners of panels a-c. were acquired at 95 K with a defocus value of 700 pm. The scale baris 100 nm.
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Extended Data Fig. 9| Extended version of Fig. 5 in the main text. The left panelsin a, b, and c show minimum energy paths (MEPs), while the right panels show

representative system snapshots at selected points along these paths.
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Extended Data Fig. 10 | Field evolution of hopfions in a tilted magnetic field in Anin-plane field component was introduced by tilting the sample to angle a.
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a110-nm-thick sample. a-c, Isolated hopfions. d and e, Hopfion-skyrmion pairs. The strength of the magnetic field is marked in the upper left corner of each
fand g, Hopfion-antiskyrmion pairs. Panels a, b, d and fare for increasing positive ~ image. The Lorentz TEM images were acquired at 95K with a defocus of 700 pm.
fields, while panels c, e, and g are for increasing reversed (negative) fields. Thescalebaris100 nm.
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