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Simulation of phase maps (forward model) 

References 

Model-based iterative reconstruction technique 

Outlook to the retrieval of 3-dimensional magnetization distributions 

Reconstruction of projected magnetization distributions from experimental phase maps 

biprism 

objective 

lens 

 

Forward Model as a (linear) matrix operation:    
 

 𝒚 = 𝑭 𝒙 = 𝐅 ⋅ 𝒙 = 𝐐 ⋅ 𝐏 ⋅ 𝒙 
 
 

𝒚:  vectorized phase information         𝑁2 

𝒙:  vectorized magnetization distribution     3𝑁3 

𝐅:  matrix of the complete forward model       𝑁2 × 3𝑁3 

   𝐏: projection matrix   2𝑁2 × 3𝑁3 (sparse) 

 Use dedicated sparse matrix libraries 

   𝐐: phasemapping matrix    𝑁2 × 2𝑁2 (dense) 

      Few unique entries, use lookup tables 

     of the kernels for intelligent multiplications 

 

     conv. kernels: 
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Samples were provided by  

Alexandra Terwey.  

Experimental electron holograms were 

recorded on an FEI Titan 80-300.  

All software is written in the Python 

programming language using the 

Python(x,y) distribution for Windows. 

Convolutions are implemented using 

the FFTW library. 
PYthon based Reconstruction 

Algorithm for Magnetic Distributions 

Reconstructed           distribution 

3D mask 

Simulated              distribution 

128x128x64 px                1 px = 10 nm 

Determine 3-dimensional mask 

(backprojection w. transp. matrix) 

The reconstruction algorithm was tested using 

simulated datasets for 3D magnetization distributions. 

Shown: Array of three homogeneously magnetized  

      objects (slab, disc, sphere). 

 2 tilt series of 7 projections (orthogonal axes 

were used as input for the algorithm. 

 

A complete software package is in development. 

 

The model-based approach avoids the artifacts of 

classical tomographic approaches such as filtered 

back-projection [3-5]. 

Reconstruction 

Array of  2 particles, each 

homogeneously magnetized, 

angled roughly at 45° 

Test Case:  

Array of ~50 nm Fe3O4 

nanocubes. 

  

 

Goal: 

Retrieve the projected  

(in-plane) magnetization 

inside the particles from  

one experimentally  

acquired phase map. 

Use masks to determine  

the particle positions. 

 

Result: 

Reconstructed distributions 

show distinct projected 

magnetization structures 

(homogeneous and vortex 

states). 

Phase maps from recon-

struction are compared to 

input in the figures to the right. 

RMS deviation: 

 2 particles:   0.042 rad 

 4 particles:   0.064 rad 

Reconstruction 

Simulate 2 orthogonal tilt series 

each with a 2D mask 
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Forward Model: φm = F(M) 

Inverse Problem M = F-1(φm) 
Experimental 

acquisition ? 

Array of  4 particles, 

magnetized in an anti-

clockwise vortex state 

Experimentally acquired 

single phase map as input 

Best-fitting phase map generated 

from reconstructed distribution 

Reconstructed distribution with 

superimposed  contour map 

The magnetic phase shift originating from a magnetic specimen examined 

in the TEM can be described in terms of the Aharanov-Bohm effect: 
 

𝜑𝑚 𝑥, 𝑦 = −
𝜋

𝜙0
 𝐴𝑧 𝑥, 𝑦, 𝑧 𝑑𝑧  with   𝑨 𝒓 =

𝜇0

4𝜋
 𝑴 𝒓′ ×

𝒓−𝒓′

𝒓−𝒓′ 3
𝑑𝒓′    

       
 𝜑𝑚 𝑥, 𝑦 = −

𝜇0

4𝜙0
  

𝑦−𝑦′ 𝑀𝑥 𝒓′ − 𝑥−𝑥′ 𝑀𝑦 𝒓′

𝒓−𝒓′ 3
𝑑𝒓′ 𝑑𝑧 

Inverse Problem: 

Retrieve the magnetization distribution from a given set of  

phase maps via a model-based reconstruction algorithm. 

 ill posed problem  non-unique solution   regularization. 
 

 

Minimize the cost function: 

 𝐽 𝒙 = 𝑭 𝒙 − 𝒚
𝐒𝜖
−𝟏
2              +            𝜆 𝒙

𝐒𝑎
−𝟏
2  

         = 𝑭 𝒙 − 𝒚 𝑻𝐒𝜖
−𝟏 𝑭 𝒙 − 𝒚 + 𝜆𝒙𝑻𝐒a

−1𝒙 
 

𝐒𝜖: covariance matrix of the measurement errors 

𝑺𝑎: a priori covariance of the magnetization distribution 

𝜆: regularization parameter. 
 

Regularization selects the most physical solution from the 

pool of possible solutions by including physical constraints. 

 Minimize magnetic exchange energy : 𝐸𝑒𝑥 = 𝐴 𝛻𝑀𝑥
2 + 𝛻𝑀𝑦

2
+ 𝛻𝑀𝑧

2 𝑑𝑉
𝑉

 

(Corresponds to first-order Tikhonov regularization; favors slow variations in 𝑴). 
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