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S1 - Density Functional Theory Simulations

We performed Density Functional Calculations (DFT)1,2 using the plane wave-based code

Quantum Espresso.3 The interaction among the electrons was included via the general-

ized gradient approximation (GGA).4 The ionic cores effects were treated using projected

augmented wave (PAW) potentials.5 A 52 Ry wavefunctions energy cutoff was used. The

charge density cutoff is ten times larger. To model the experimental setup a trilayer of
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Pt/Co/Pt was constructed. The unit cell is oriented along the 001 direction of the Pt-fcc

crystal. We also kept the Pt lattice parameter, allowing the trilayer structure to fully relax

until the forcer was smaller than 0.01 eV/Å. Since we use periodic boundary conditions to

avoid spurious interactions (between the images), a distance of 15 Å was used along the

trilayer perpendicular direction.

In order to investigate the exchange and Dzyaloshinskii-Moriya interaction (DMI) changes

due to the trilayer curvature, we build a large supercell along the x-direction as shown in

Figure S1(a). The curvature was generated by a sinodal modulation along the x-direction,

where the displacement is Figure S1(b). The curved structural parameters were kept fixed.

Our analysis of the exchange Dzyaloshinskii-Moriya interactions is focused on the Co central

atom.

Figure S1: Side view of the Pt/Co/Pt trilayer supercell along the x-direction. (a) flat and
(b) curvature induced by a sinodal modulation. The Pt and Co atoms are represented by
blue and green spheres, respectively.

S1.1 - Exchange and Dzyaloshinskii-Moriya interaction calculations

To calculate the exchange and Dzyaloshinskii-Moriya interactions, we used the so-called

Liechtenstein-Katsnelson-Antropov-Gubanov (LKAG) method.6 The LKAG method uses
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the magnetic force theorem by mapping the electronic Hamiltonian onto a classical spin

Hamiltonian, whose parameters are calculated using Equations S1 and S2.
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is the on-site exchange splitting and Gij is the inter-site Green’s

function which, in our case, is calculated by using the Lanczos recursion method.

The LKAG equations are written in terms of the site projected Green’s function; there-

fore, a delocalized basis, such as plane waves (PW), is not suitable. So we need to perform

a basis change. To accomplish this task, we employed the pseudo atomic orbital (PAO)

projection method7–9 as implemented in the code paoflow.10,11 The PAO method involves

projecting the Kohn-Sham orbitals, which consist of several thousand plane waves (PWs),

onto the pseudo atomic orbitals, naturally built in the pseudopotential used in the DFT cal-

culation. The PAO method will produce a real space-effective Hamiltonian (tight-binding-

like) reproducing the DFT band structure. Our PAO Hamiltonians were constructed using

spd orbitals for Co and Pt atoms. The atomic spin-orbit coupling (SOC) is introduced in

the PAO Hamiltonian via an effective approximation. The resulting effective Hamiltonian is

given by,
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where the operator cyi��(ci��) creates (annihilates) an electron with spin projection � at the

atomic site i and orbital �. Here, the Latin letters label atomic sites, while the Greek ones

(except for �) label the relevant atomic orbitals and the hopping matrix elements are given

by t��ij . The L and S are the orbital and spin angular momentum operators, respectively.
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The SOC strength denoted as ���i , is derived from fitting to a fully relativistic DFT

calculation. The fitting process results in values of 0.09 eV for Co and 0.55 eV for Pt SOC

strength. This methodology has been successfully used on other systems see References.12,13

The Figure S2 presents the fully relativistic band structure for the DFT (a) and the PAO

Hamiltonian ad-hoc SOC in (b). The agreement between the two band structures is excellent.

Figure S2: Pt/Co/Pt trilayer bulk band structure for (a) Fully relativistic DFT calculation
and (b) Ad-hoc spin-orbit couplin (SOC) in the PAO Hamiltonian. We used values of 0.09
eV and 0.55 eV for the SOC strength of Co and Pt, respectively.

S2 - Micromagnetic simulation details

We conducted micromagnetic simulations using Mumax3, a package GPU accelerated to

solve the Landau-Lifshitz-Gilbert (LLG) equation.14 The simulations were carried out within

a spherical semi-shell with a given diameter (500 nm) and a thickness gradient, ranging

from a thicker film at the top to zero thickness at the nanocap edge, to mimic an actual

nanocap. We adopted this profile for simulation because we know, based on transmission

electron microscopy measurements in previous work,15 that it corresponds to the profile of

a multilayer deposited on a nanosphere.

This simulated nanocap profile resembles that presented in our previous work.16In the

model, this is achieved by interposing two ellipses. Furthermore, our model was developed
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Figure S3: Cross section of the simulated nanocaps. The vectors indicate the orientation of
the magnetic anistropy (Kradial). We draw attention to the thickness gradient also present.
The nominal thickness corresponds to the thickness of the top of the nanocap (tn).

with a radial distribution of magnetic anisotropy, to better represent the real (experimental)

case (Figure S3) . The magnetic parameters used were magnetization of saturation of 550

kAm�1 (based on experimental measurements), the standard Co exchange stiffness (A =

12×10�12 Jm�1), and damping � = 0.3. The parameters of magnetic anisotropy (Kradial)

and the Dzyaloshinskii-Moriya interaction (DMI) were varied, as shown in the phase diagram

of Figure 2 of the main text. We discretized the computational domain into cells measuring

3 x 3 x 3 nm3 to ensure precision.

We initiate the simulation with nine distinct magnetic states: UniformZ, UniformX,

Néel skyrmion, radial, 2 domains, 2 Néel skyrmions , vortex bimeron, 2 vortices, vortex ,

anti-vortex, skyrmionium, bimeron, Bloch skyrmion, skyrmion-2domain states. The initial

states are presented in Figure S4. Subsequently, we allow the system to relax to achieve a

minimum energy state.16–18 The final magnetic configuration exhibiting the lowest energy

level (exemple Fig. S5) represents the ground state presented in the phase diagram (Figure

2 - main text).

As mentioned in the main text, the anisotropy constant implemented in the phase diagram

(Kradial) does not correspond to the experimental anisotropy constant (Ke�). In this way, to
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Pd (1 nm)
Co (0.5 nm)

(a) Bloch skyrmion (b) Néel skyrmion (c) 2 Néel skyrmions

(e) Skyrmionium (f) Skyrmion 2-domains (g) 2-domains (h) Radial

(d) Opposite skyrmions

(i) Vortex (j) 2 vortices (k) Vortices 2-domains (l) Anti-vortex

(m) UniformZ (n) UniformX

Figure S4: Initial states used in the micromagnetic simulation. (a) Bloch skyrmion, (b) Néel
skyrmions, (c) 2 Néel skyrmions, (d) Opposite skyrmions, (e) Skyrmionium, (f) skyrmion
2-domain, (g) 2-domain, (h) Radial, (i) Vortex, (j) 2 vortices, (k) Vortices 2-domain, (l)
Anti-vortex, (m) UniformZ, and (n) UniformX.

find where we are in the phase diagram with our experimental samples, we calculate the Ke�

based on simulated hysteresis loops. Through the in-plane and out-of-plane magnetization

curves, we obtain theKe� taking the difference in area between the two magnetization curves.

We calculate the area by integrating the area under the decreasing magnetic field curve for

perpendicular and planar magnetic fields.
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Figure S5: Final energy for difffent initial state as a function of iDMI for simulated Kradial

= 0.35 MJm�3. These curves served as the basis for choosing the final magnetic state for
each configuration presented in the phase diagram. The final magnetic state presented by
the lowest energy condition is the ground state.

S3 - Experimental details

S3.1 - Sample fabrication

We created a polystyrene sphere (PS) template using colloidal lithography to investigate

skyrmion nucleation in a curved multilayer. We used commercial 500-nm PS manufactured

by Sigma-Aldrich. The methodology to produce the PS template was similar to that pre-

sented in our previous work.16 Figure S6a illustrates the curved template manufacturing

process. Initially, the PS is organized by a spin coater, and subsequently, the multilayer is

grown. In Figure S6b, the profile of the nanocap resulting from the manufacturing method

is depicted. The nanosphere is deposited only in the upper half and exhibits a gradient in

the thickness of the multilayer. The nominal thickness of the multilayer (tn) represents the
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thickness at the highest point of the nanocap. This profile corresponds to a simulated profile

by micromagnetic simulation.

Figure S6: (a) Illustration of the manufacturing process of the PS template using colloidal
lithography. (b) Profile of the nanomagnet.

To evaluate the organization of the nanospheres and their monolayer formation, we used

the scanning electron microscopy (SEM) technique, as shown in Figure S7. We can observe

an organized hexagonal packing of the PS template.

We grew a multilayer structure over this PS template using magnetron sputtering. The

structure was comprised of tn = [Pt (1 nm)/Co (t)/Pt (1 nm)] x10, with t ranging from 0.8 to

2.0 nm. This helped to achieve the required magnetic anisotropy for skyrmion stabilization.

S3.2 - Magnetic characterization

Magnetic parameters, such as saturation magnetization (Ms) and anisotropy field (Hk),

were extracted from magnetic hysteresis curves measured in a VersaLab-Quantum Design

vibrating sample magnetometer (VSM) at room temperature, yielding the perpendicular

anisotropy constant value (Ke�).
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Figure S7: Scanning electron microscopy of 500 nm polystyrene spheres.

Atomic and magnetic force microscopy (AFM/MFM) techniques were used to obtain

the topographical images and magnetic domain patterns of the as-grown nanocaps. Budget

Sensors recorded the imaging using a Brucker microscope operating in tapping mode with

Multi75-G MFM tips. In addition, the images were captured in a magnetic remanent state,

under ambient conditions, without any external stimulus, at zero fields, with the probe

positioned at a height of approximately 60 nm.

After identifying the sample with suitable magnetic properties (Ms and Ke�) for sta-

bilizing skyrmionic phases, such as discussed on the mais text, we examined, in remanent

state, its magnetic textures using MFM. Figure S8a shows the magnetic image of the CoPt

multilayer grown on a 500 nm nanosphere array at zero field (Sample 1 with Ke� ≈ 0.075

MJm�3). Predominantly dark domains suggest radial orientations consistent with simula-

tions, while bright spots (Figure S8b) surrounded by dark contrast indicate skyrmion-like

structures. The magnetic profile (Figure S8d) aligns with skyrmion models. The topographic

image (Figure S8c) confirms these contrasts are not topographical. A 3D projection of the

nanocaps highlights how curvature stabilizes skyrmions (Figure S8e).

In Figure S9, we present the MFM image of this sample, with K = 0.075 MJm�3 (Sample

1), scanned over a large area (10 x 10 �m2) to do the statistic about the skyrmion prevalence.

Due to the large scanning area, some definition was lost, but it is still possible to observe a
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Figure S8: (a) Punctual magnetic skyrmions on curved nanocaps at zero field for the Ke�

≈ 0.075 MJm�3 sample (Sample 1), measured by magnetic force microscopy (MFM). (b)
Zoom on a 2 x 2 µm region, highlighting a circular domain on the nanocap. (c) Topography
synchronized with the previous magnetic image. (d) Profile traced in the magnetic image
showing a distinct magnetic domain. (e) 3D projection of the topography, emphasizing the
curvature of the system.

Figure S9: MFM over a larger scanning area (10 x 10 �m2) of the sample with isolated
skyrmion from Sample 1.
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