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Abstract

Tuneable phase plates for free electrons are a highly active area of research. However, their widespread implementation, similar to that of spatial
light modulators in light optics, has been hindered by both conceptual and technical challenges. A specific technical challenge involves the need to
minimize obstruction of the electron beam by supporting films and electrodes. Here, we describe numerical and analytical mathematical
frameworks for three-dimensional stacks of phase plates that can be used to provide near-arbitrary electron beam shaping with minimal

obstruction.

Key words: beam shaping, Bessel beams, conformal mappings, electron optics, iterative methods

Introduction

Electron beam shaping (Harris et al., 2015; Bliokh et al.,
2017) holds great promise for tailoring the electron wavefunc-
tion in an electron microscope, as well as for the measurement
and decomposition of an electron beam in any basis (Grillo
et al.,, 2017; Fickler et al., 2020; Troiani et al., 2020;
Ruffato et al., 2021; Tavabi et al., 2021, 2024). Despite ana-
logies with single particle wave equations in light optics, there
are differences in the practical implementation of electron
beam shaping. In light optics, a spatial light modulator
(SLM) can be used to achieve phase and amplitude shaping,
with computer control used to produce desired beam shapes
(Bolduc et al., 2013). In electron beam shaping, the manipula-
tion of charged particles requires the use of apertures and elec-
tromagnetic fields and is subject to Maxwell’s equations
(Verbeeck et al., 2018; Pozzi et al., 2021; Yu et al., 2023).
The most similar approach to the use of an SLM for electron
beam shaping currently involves the fabrication of miniature
Einzel lenses that can be used as programmable pixels
(Verbeeck et al., 2018; Yu et al., 2023). However, electronic
control of the lenses is implemented in the electron beam
path, obstructing parts of it and reducing its overall intensity.

An alternative approach involves the use of harmonic or
quasi-harmonic phase plates that have minimal or no material
in the electron beam path and satisfy the criterion of overall
charge neutrality. A harmonic constraint means that the phase

@ must satisfy the relationship V2¢ = 0 at all points other than
at the locations of a small number of “allowed” obstructions.
The quasi-harmonic case includes the possible presence of
small obstructions. In mathematical terms, the field sources
can be described as a series of Dirac J§ functions, but are in
practice approximated by small finite-sized elements for prac-
tical reasons.

The relationship between a three-dimensional electrostatic po-
tential and the harmonicity of the corresponding phase distribu-
tion is discussed in Appendix A. Harmonic and quasi-harmonic
phase plates can be realized using micro-electromechanical
systems technology, which allows electrode shapes and bias-
ing circuits to be designed and fabricated in a planar geom-
etry (Tavabi et al., 2022). In the harmonic case, electrodes
placed at the edges of a phase plate can be used to define
“boundary conditions” for the potential and phase. Such
phase plates can be described mathematically in terms of in-
dividual or finite sums of multipoles. The simplest approach
for realizing the quasi-harmonic approach is to place needle-
shaped electrodes in the path of the electron beam (Pozzi
et al., 2020; Ruffato et al., 2021; Tavabi et al., 2021, 2022,
2024). This approach has been used to create an orbital an-
gular momentum (OAM) sorter and to generate electron vor-
tex beams. Figure 1 shows examples of currently available
harmonic and quasi-harmonic phase plates that have been
realized experimentally and can be combined.
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Fig. 1. Examples of currently available harmonic and quasi-harmonic phase plates. The first column provides analytical formulae for the phase, where

p=+/x2+y2 and = atan(y/x). The second column gives the Laplacian of the phase. The third column shows a colour representation of the phase
(with the hue representing the magnitude of the phase). The fourth column shows a schematic representation of electrodes that can be used to generate

the phase (with different colours representing different applied voltages).

Although the resulting phase landscape, which exhibits neg-
ligible amplitude modulation when examined close to focus,
appears to provide a perfect solution, it can be limited by an
insufficient number of field sources in the illuminated area
and by the smoothness of the phase across most of the region
of interest. Here, we investigate a strategy that can be used to
overcome these limitations by stacking phase plates above one
another in the electron beam direction. Although current tech-
nology still limits the realization of a large number of superim-
posed phase plates, a dedicated hardware solution could make
such a configuration possible in the future. It is therefore time-
ly to explore this concept using mathematical frameworks tak-
en from light optics. Inspiration can also come from the field of
electron-light interactions (Madan et al., 2022), ultimately in
three dimensions (Garcia de Abajo & Ropers, 2023). We first
explore the use of iterative methods to calculate an optimal se-
quence of phase plates to realize a desired wave function. We
then explore analytical and semi-analytical closed-form
solutions for interaction and propagation in the limit of the
stationary phase approximation. We also use analytical argu-
ments to consider limitations to the encoding of arbitrary
wavefunctions.

Formalization of the Problem

An initial electron wavefunction is assumed to be a near-plane
wave that can be written in the form

w(x, ¥, 2) = Na(x, y)exp(ik.z), (1)

where a(x,y) represents either a smooth cut-off of the ampli-
tude or a hard aperture (such as a condenser aperture) and

N is a normalization factor. The k, z term represents the phase
factor for forward propagation in the z direction and is omit-
ted hereafter.

The influence of a phase plate is assumed to take the form of
a pure phase object transmission function

wlx, y; 2i + 0z) = wlx, y 5 2i) explip;(x, y)), (2)

where z; is the z position of the ith phase plate introducing
phase ¢;, and Jz represents the spatial extent of the phase
plate. This simplification is valid only when the electromagnet-
ic field of the phase plate extends over a limited distance Jz in
the z direction, i.e. when diffraction effects resulting from
propagation over this distance can be neglected. If the field
of the phase plate extends considerably in z, then a more com-
plicated expression can be derived with complete 3D propaga-
tion over the fringing field of the phase plate. Here, we assume
that the field above and below the phase plate decays over a
distance that is smaller than the Fresnel distance dz < d*/1 ,
where d is the beam diameter and 4 is the electron wavelength.
Propagation between successive phase plates can be consid-
ered by selecting finite propagation distances or by stacking
successive phase elements in specific Fourier-conjugated
planes (where each plane is in the diffraction/far field plane
of the previous plane). In the paraxial regime, Fresnel propa-
gation can be modelled as a convolution (represented by the
symbol *) based on a parabolic propagator of the form

iﬂ 2
5 i = 5 Y5 Ri N 9 ) 3
w(x, 5 2iv1) = wlx, y; 2i)* eXp(AzAp ) (3)

where Az=z7;,;—z;. In more complicated scenarios, round
lenses can be placed between successive phase plates, or a
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convergent incident electron wave can be used. Lenses can
serve to magnify a probe from the condenser aperture to
a desired size. A transfer lens can also increase the effective
propagation distance without the necessity to have a physical-
ly long element. Although such considerations are important
for real device fabrication, lensing terms are incorporated
mathematically into the phase plates described below.
Focusing terms are required to adapt the initial and final
beam diameters. This demand can be reduced by appropriate-
ly choosing similar lateral dimensions for the initial aperture
and final state.

It should be noted that the alternating nature of interaction
and propagation between phase plates is similar to the numer-
ical simulation of dynamical electron-specimen interaction us-
ing the multislice algorithm (Cowley & Moodie, 1957). This
similarity should be kept in mind when using inversion meth-
ods. Techniques such as ptychography also deal with the prob-
lem of finding the most appropriate potential that connects the
probe with diffraction by the specimen (Maiden et al., 2012;
Chen et al., 2021).

Iterative Numerical Approach to Wave
Synthesis

The main problem of wave synthesis is to find an appropriate
phase distribution for each phase plate, such that the initial
and final state resembles the initial wave (as in Eq. (1)) and de-
sired wave function, respectively.

Considering the similarity of the problem to multislice pty-
chography (Maiden et al., 2012; Chen et al., 2021), a natural
choice for finding intermediate phase plates is to use an
approach based on the Gerchberg-Saxton algorithm
(Gerchberg & Saxton, 1971), which is an example of more
general iterative “error reduction” algorithms (Fienup,
1982). Here, the error to be minimized is the sum of the errors
of fitting the initial and final waves, both of which are known.
In its standard form, it calculates missing phase information
by making use of amplitude measurements in two
Fourier-conjugated planes. The wavefunction is propagated
forwards and backwards between a chosen plane and its
Fourier conjugate, starting from a guess for the phase distribu-
tion of the phase plate to be determined. As the iterations pro-
ceed, the amplitude in each plane obtained by transformation
is substituted by its measured counterpart. Even if the phase is
not strictly correct at each step, amplitude substitution typic-
ally reduces the difference between the calculated and true
phase in both spaces monotonically. Such error reduction al-
gorithms are not restricted to Fourier conjugation and have
also been used in phase reconstruction based on focal series
in high-resolution transmission electron microscopy (Allen
et al., 2004).

It is not difficult to imagine an extension to the Gerchberg-
Saxton algorithm, in which further planes are introduced,
with the amplitude remaining unaltered at the positions of suc-
cessive intermediate phase plates. In the case of many-step
propagation, it is possible to proceed iteratively between the
first and last plane by propagation, with the update rule for
each intermediate plane involving adjusting the phase by the
phase difference between forward and backward propagation.

If both the amplitude and the phase need to be encoded and
if the phase at each step is arbitrary, then the problem can be
reduced by assuming that only the final phase plate takes care
of the phase, with no further propagation. Conversely, if only

quasi-harmonic phase plates are used, then a large number of
intermediate phase plates may be required.

The iterative method with arbitrary phase plates has been
demonstrated in light optics in the “wavefront matching” al-
gorithm (Fontaine et al., 2019). In this scheme, forward A
and backward B propagating waves sampled on a matrix are
calculated. The forward wave starts (e.g., from the aperture
beam) and propagates to the final plane, while the backward
wave propagates from the desired probe back to the aperture
plane. At every iteration, the phase of each phase plate i is up-
dated, with the update rule at the ith plane calculated using the
expression

M;=M; + A; - Bfexp(iP) + ¢, (4)

where M is a complex matrix that contains the phase and is re-
lated to the phase of the plate through the phase matrix
@, = arg{M,}. The scalar factor P is the average (over all matrix
elements) phase difference between A; - B} and ¢;, where the
A; - BY operation is an elementwise product and * denotes con-
jugation. The forward and backward waves are recalculated
using the new phase plate, with a small constant ¢ (formally
a constant matrix) used to achieve a smoother solution in
the part of the image where the amplitude is small. The value
of c is chosen to be a fraction of the maximum wave intensity,
so that only the less intense part of the wave is not encoded.

Qualitatively, the iteration substitutes something more
“correct” for the previous guess at each step. Here, the phase
that matches the forward A and backward B wave is more cor-
rect at each step. The corrections occur in both directions, i.e.,
from the first phase plate to the last and from the last to the
first, ensuring uniform convergence. In the convergent form,
A and B describe the same wavefunction evolution connecting
the initial form of Eq. (1) to the synthesized wave in the final
plane.

The use of 200 iterations and 3-7 phase plates typically pro-
duces a reasonable result that improves with the number of
phase plates.

The original paper (Fontaine et al., 2019) suggests that such
an iterative technique could be used to build a universal sorter
of orthogonal quantum states that is able to separate a wave
function into orthogonal component functions. Such transfor-
mations are “lossy,” meaning that some of the intensity is scat-
tered diffusely, in part due to the presence of discontinuities in
the phase or its derivatives. The application of such a sorting
approach in transmission electron microscopy will be consid-
ered in a separate article.

Figure 2 shows an example of the use of three intermediate
phase plates to form a Laguerre—Gaussian L3s beam
(McMorran et al., 2011; Rosi et al., 2022) starting from a
hard aperture. In this example, the chosen beam is a vortex
beam, so the phase plates contain vortex-like phase distribu-
tions. The beam also contains a w phase discontinuity in the ra-
dial direction. The target and reconstructed beams are shown
in Figs 2(b) and 2(c), respectively. The propagation distance
between the phase plates was set to be on the order of the
Fresnel distance, with a beam of radius 200 nm corresponding
to a distance between phase plates of ~1 mm at 300 keV.
Threshold constants of ¢=10"" and ¢=0 were used for
Figure 2(a-c) and (d, e), respectively; 200 iterations were used.

From the images, it appears that the first phase plate primar-
ily introduces the vortex phase, the second phase plate primar-
ily reassembles the amplitude and the third phase plate
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Fig. 2. Application of a wavefront matching algorithm to a three-phase-element configuration. (a) Representation of three phase plates and initial and final
wave amplitudes, showing in sequence the initial amplitude of a hard aperture, the phases of three phase plates and the amplitude of a reconstructed L3 5
wavefront. (b) and (c) The phases of the target and synthesized wavefunctions. Hue and brightness refer to phase and intensity, respectively (see the
inset colour wheel). (d) The phase of the third phase plate (without any threshold). (e) The absolute value of the Laplacian of (d).

primarily takes care of the radial discontinuities. The solution
is unlikely to be unique, as the roles of the phase plates could
be swapped or a more non-centrosymmetric solution could be
used. For a sufficient number of phase plates, the first one
could be chosen arbitrarily and a reasonable solution could
still be found. However, the solution would be non-optimal
in terms of diffuse intensity.

Although the phase plates do not have explicitly “harmonic”
phases, the Laplacian of the third phase plate [Figure 2(d, €)]
shows that the phase is close to being quasi-harmonic, with
the nonzero parts mainly concentrated in circular discontinu-
ities of close to x radians in the radial direction. The discon-
tinuities are required to reproduce the discontinuities that
are inherent to an L3 s beam, where a real function describes
the radial part of the wavefunction. The constant ¢ in Eq. (4)
can be used to achieve smoother (and therefore closer to har-
monic) solutions.

Discontinuities and vortices are aspects of wavefunction
generation that cannot be introduced easily using purely har-
monic elements. Interestingly, a stigmator can be used to
transform a vortex beam into a Hermite—Gaussian-like beam
with a 7 radian discontinuity (Kramberger et al., 2019).
However, for smooth, continuous (not necessarily harmonic)
phase plates, there is no clear mechanism based on three-
dimensional stacking to make singularities appear or dis-
appear without using discontinuity-carrying phase plates. In
detail, propagation described by convolution with a complex
Gaussian kernel cannot directly introduce discontinuities.
This statement has formal similarities to the fact that a phase
retrieval algorithm cannot introduce phase vortices when us-
ing the transport of intensity equation for phase retrieval
(Lubk et al., 2013). It also suggests that purely harmonic phase
plates cannot be stacked in three dimensions to generate arbi-
trary waves.

At this point, it is tempting to explore the idea of implement-
ing a (quasi) harmonicity constraint. The simplest approach
would be to substitute a partial solution with a harmonic
counterpart at each step in the error reduction scheme.
Unfortunately, this procedure is not guaranteed to monoton-
ically reduce the difference between the iterative solution
and a solution (if it exists) that produces a desired set of har-
monic phase plates and a final probe. At the moment, the
problem of finding a set of (quasi) harmonic phase plates for
arbitrary wave shaping does not have a general iterative solu-
tion. In particular, it is not possible to determine whether a so-
lution exists and how many phase plates are needed for its
implementation. The results presented in the next section pro-
vide guidance on this point. We also confirmed in tests that, by
increasing the number of stacked phase plates, the quality of
the resulting wavefunction could be improved to provide a
more faithful reconstruction and a less lossy result, in agree-
ment with the work of Fontaine et al. (2019).

Analytical Solutions for Three-dimensional
Phase Plates

In this section, the problem of finding a set of (quasi) harmonic
phase plates that can be used to transform a near-plane-wave
beam into a near-arbitrary beam is tackled for the specific case
when an analytical solution exists. We show here that an ana-
lytical solution can be calculated if the stationary phase ap-
proximation is used to solve the propagation integral
between the phase plates. This requirement assumes that the
in-plane gradient of the phase plate is much stronger than
the gradient of the phase of the incoming beam. In this ap-
proximation, the evolution of the wave can be predicted by as-
suming that part of the wavefunction (in both phase and
amplitude) is transported to another position, which is
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dictated by the direction of the local gradient of the phase plate
in the case of Fourier conjugation or by the local coordinate
and local gradient direction in the case of Fresnel conjugation.
This assumption corresponds to the propagation of an input
wavefront by a point-to-point projection onto a destination
plane, i.e., a coordinate transformation (Hossack et al., 1987).

Conformal mappings have a special place in coordinate
transformations, where the word “conformal” refers to the
fact that such a transformation conserves angles between co-
ordinate axes locally. If complex spatial coordinates g=x +
iy are used, then a transformation (x, y) -> (x’, y’) can be ex-
pressed in complex form as a g -> g’ function g(g). The condi-
tions for a coordinate transformation to be a conformal
mapping are described in Appendix B.

Conformal Mapping in Fourier Conditions

A well-known implementation of conformal mapping in
Fourier conjugation is provided by the OAM sorter
(Berkhout et al., 2010; Grillo et al., 2017; Pozzi et al., 2020;
Tavabi et al., 2021, 2024), which involves the application of
a log-polar transformation using two Fourier-coupled phase
elements. The log-polar change of coordinates is

W)) 5

(%, y) > (a atan(y/x), — alog( 2

where g and b are scaling parameters. In complex coordinates,
this expression can be written in the form g — a log(§). This
transformation maps angular onto linear coordinates, con-
verting azimuthal phase gradients typical of OAM beams
into tilted plane waves. Upon free space propagation, these,
in turn, are sorted into spatially separated points in the far
field.

We previously investigated the generation of near-arbitrary
conformal mappings by combining two phase plates in
Fourier-conjugated planes (Ruffato et al., 2021). Whereas
the first phase plate imparts a desired transformation, the se-
cond phase plate compensates for phase distortions due to
propagation and completes the mapping. An important aspect
of conformal mapping is that a coordinate transformation q is
only conformal if the phase plates that introduce the trans-
formation are harmonic or quasi-harmonic.

The first step of the mapping, including the integral that
takes the wavefunction to the intermediate plane, can be writ-
ten as a function of the phase of the first element ¢, in the form

1 . . +
(1, 0) == polx, y) exp (upl)exp(—zk Q)dxdy. (6)

The stationary phase approximation can be applied and the in-
tegral in (x, y) can be substituted by values of the integrand
calculated at stationary (saddle) points of the total phase,

namely V(gol - k’”‘TJ'Uy) = 0. Here, stationary points are indi-

cated by a tilde symbol as (¥;, 3;), and the approximate version
of Eq. (6) is

- . . .. . M.;C,' +l/)~/l-
wo(X), ;) exp (ipy (%}, 3;)Jexp| —ik———
§ : <z
Y1 (M, U) ~ kO' —— 5
(G7:3;)) [H(%;, ;)]

(7)

where k = 2a/4, and H is the determinant of the Hessian of the

transformation calculated at the stationary points. That is,

FotnnPoi ) _ (Pt y»)z 5

H=
ox? 0y? 0x0y

and the coefficient o= sgn(%) when H > 0, otherwise

o = —i. The intensity of the output field is not merely a re-
arrangement of the input field according to a coordinate trans-
formation, but is also modulated by the Hessian in the
denominator. This property can be used to shape the beam
by setting H to fit the desired amplitude (Scholes et al., 2020).

In practice, geometrical rays depart from each point of the
wavefront and converge to a few more dense areas. The dens-
ity of rays in these areas is controlled by the Hessian
determinant.

Unfortunately, it is not easy to invert Eq. (7) to define the
phase ¢, that produces the appropriate Hessian at the saddle
points to control the beam amplitude. For a specific example
where a solution can be found, it is possible to demonstrate
that a conformal mapping based on two quasi-harmonic phase
plates applied to an initial plane wave can produce a strongly
non-harmonic solution. This is the case for zero-order Bessel
beams (Grillo et al., 2014, 2016), which can be generated by
using two spiral phase plates (SPPs) with opposite phase pat-
terns. An SPP has an azimuthal phase distribution described
by the expression ¢ = - atan(y/x). In the stationary phase
approximation, such a phase term is equivalent to the con-
formal mapping

('xs Y) g %(_y, x)) (9)

where f is the focal distance of the lens and k is the electron
wavenumber (Ruffato & Romanato, 2020). The same result
can be described in complex notation by the expression

q= %’” gi*, where
In polar coordinates, this transformation can be written in
the form (r, 8) — (fm/kp, O + n/2). Based on Eq. (7) and as-
suming a Gaussian beam of input waist w, the intensity of
the output field is
2
7>, (10)

w/Z pZ

* indicates conjugation and again g=x + iy.

I 1 e p(—
1 X
p p4

where w = "}’(—ff. The intensity is zero on the optical axis and de-

cays with the fourth power of the radial coordinate at large
distances from the z-axis. This behaviour is consistent with a
rigorous analytical calculation (Anzolin et al., 2009) of the in-
tegral in Eq. (6) based on Kummer beams with a ring-like pro-
file whose size increases with topological charge m and
exhibits the same trend for high radial values. Equation (7)
suggests that the transformed wavefunction carries the azi-
muthal phase m0, representing the transfer of orbital angular
momentum to the input beam. This transformation phase can
be compensated by a second spiral phase plate of opposite
sign, i.e. —m0. In the limit of large 1, the intensity profile in
the intermediate plane becomes a narrow ring. Further free
space propagation is expected to transform this intensity dis-
tribution into a Bessel beam in the far field.

Figure 3 shows the more realistic case of using a top hat in-
stead of a Gaussian beam as an initial state, calculated numer-
ically using the Fresnel propagator. An additional limiting
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Fig. 3. Top hat electron beams shaped by SPPs with increasing topological charge m between 20 and 100 in steps of 20. (a) Intensity in an intermediate
plane, in which a second SPP is placed for phase compensation. The spatial coordinates are normalized to the top hat radius Ry. If an aperture is used to
isolate the first high-intensity ring (red circle), then the final beam resembles a zero-order Bessel-Gaussian (BG) mode (the subscript after BG denotes its
order, e.g., BGq is Oth order), as shown in (b). (¢) Comparison between numerical cross-sections and theoretical profiles.

aperture is used in the intermediate plane to remove the long
tails and to isolate the first high-intensity ring. Under these
conditions, the beam tends to be an ideal Bessel beam. Since
the ring has a finite width, it is more appropriate to describe
the result as a Bessel-Gaussian beam, i.e. a Bessel mode modu-
lated by Gaussian damping. If R and wg are the radius and
width of the intensity ring in the intermediate plane, then the
final wavefunction is given by the expression

P
yy « Jolape 2, (11)

where a =kR/f and w =2f/(kwg). Conversely, if the phase
m0 in the intermediate plane is not compensated exactly, as
shown in Figure 4, then high-order Bessel-Gaussian beams
(Gori et al., 1987) of the order my = |m —n| are obtained,
where 7 is the topological charge of the second SPP. Good
agreement can again be seen between the simulated and ideal
Bessel-Gaussian profiles.

“Inverse Sorting” as Beam Shaping

A second application of conformal mapping exploits the fact
that it can be used to transform a class of functions into a ser-
ies of peaks upon two consecutive stages of diffraction (one
of which is related to the conformal mapping). Whereas
such an approach is normally used to decompose states
into a specific basis, it is possible to invert the relationship
to combine states. An example involves the use of an OAM
sorter to produce a combination of states with different
OAM values and multiplex them with each other (Fickler
et al., 2014). Figure 5 illustrates the concept of combining
three OAM-radial states. If the logarithmic radial state is

labelled with quantum number k [expressed in units that
are consistent with OAM (Tavabi et al., 2021, 2024)] and
the OAM is labelled #, then the combination is
lk=0,£=3)+k=1,£=0)+|k=0,£=1). Given the dis-
crete nature of OAM states, a hypothetical pixelated ampli-
tude controller as input could couple with specific OAM
states. The fact that the generated beam has many singular-
ities is not surprising, since one of the two sorter phase plates
is based on a charged needle and is, therefore, not purely
harmonic.

This concept is limited to two phase plates. Although it is
possible to combine two conformal mappings using four phase
plates, the number of possibilities is only improved marginally
because each conformal mapping can be expressed in terms of
two coupled quasi-harmonic phase plates. The primary reason
for using two conformal mappings is the number of obstruc-
tion elements that violate harmonicity, which can become
large with the increasing complexity of the conformal map-
ping. Interestingly, two successive conformal mappings can
be achieved using only three elements, since the middle elem-
ent can accommodate the second and first phase plates of
the two conformal mappings. In order to extend the concept
in a more general way, it is possible to make use of a more
complex scheme that is known as transformation optics
(Pendry et al., 2006). This approach is not discussed further
here.

Fresnel Conformal Mapping

In this section, another analytical approach, involving Fresnel
propagation between two phase plates, is considered. We
show that the use of two identical but opposite phase plates
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Fig. 4. Top hat electron beams shaped by SPPs with topological charge m=60. (a) Intensity in an intermediate plane, in which a second SPP is placed
with mismatched charge n. The spatial coordinates are normalized to the top hat radius Ry. If an aperture is used to isolate the first high-intensity ring (red
circle), then the final beam resembles a high-order Bessel-Gaussian (BG) mode of order ms= m-n, (the subscript after BG denotes its order, e.g., BGg is
Oth order), as shown in (b). (Hue and brightness refer to phase and intensity, respectively, as in Fig. 2) (¢) Comparison between numerical cross-sections
and theoretical profiles. This example is important, as it demonstrates the formation of Bessel beams, which can be useful for overcoming spherical and
chromatic aberration with only a modest loss of intensity (Grillo et al., 2015, 2016).

with a sufficient propagation distance Az between them (typic-
ally larger than 1% of the Fresnel distance) can be used to im-
part a phase distribution of the form

)
- =E|V¢0|2Az. (12)

Equation (12) indicates that such a combination of two har-
monic phases provides a richer phase landscape than a single
isolated harmonic phase plate, as it overcomes the harmonic
constraint.

A basic example of the generated non-harmonic phase is
that of two opposite quadrupoles generating a parabolic phase
or two hexapoles generating a quartic phase ppor x p*.

This result of Eq. (12) can be explained in two ways. An in-
tuitive approach is based on Fresnel conformal mapping. If the
first phase plate is ¢, (x, y), then the evolution of the wavefunc-
tion based on geometrical optics results in the transformation
(x,9) = (x,y) + %[Vgoo(x, y)Az, where the displacement of
each point dx, y =4 Vg Az. If this expression is substituted
into ¢y(x, y) and written in the former coordinates, then a
Taylor series of the form ¢y (x’, y') = @y (x, y) + x, yVo, can
be developed, leading to the above expression. A more rigor-
ous approach involves the use of explicit commutation be-
tween the propagator and the phase term. In formal terms:

. A .
Yror = €xp (ipg)exp (ZEAZVZ> exp (—igy). (13)

Expansion of the propagation operator to first order leads to
the expression

A il
vror =1+5-A2V2gq + Voo [*Az. (14)

The middle term primarily affects the amplitude of the wave
and disappears in the case of a harmonic phase plate. The
rest of the expression is a first-order approximation of the
phase effect described by Eq. (12). The expression is, in fact,
also valid beyond the first order.

It should be noted that this idea is not new. For example,
two opposite quadrupoles are known to produce a focusing ef-
fect, while two hexapoles are known to produce spherical ab-
erration. As the sign of the induced aberration is always
positive, a hardware spherical aberration corrector uses a cir-
cular lens doublet that introduces an effective negative Az.

Defocus and spherical aberration are only two examples. A
harmonic function is, in general, a combination of multipoles
of the form

9o =Y amp"sin(m0 + 0,,) (15)

and the total phase is

2
AAZ -1 -
proT="4— Xm: ma,p” 'sin(ml + 6,) (16)

where potentially &, is different from 6,,. Unfortunately, even
though this expression is more flexible than that for a single
harmonic phase plate, there are limitations. One example is
the positivity constraint mentioned above, which means that
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Fig. 5. Electron beam shaping by using an OAM sorter in the inverse direction. The scheme in (a) shows that the selection of a few beams in a first plane
using hard apertures results in a combination of near-plane waves approaching the elements of an OAM sorter in inverse order and produces a defined
combination of vortex beams. By controlling the phase and amplitude in the first plane, it is possible to generate complex non-harmonic patterns that

contain discontinuities. The resulting complex colour representation (with hue and brightness representing phase and intensity, respectively) and phase
alone are shown in (b) and (¢) for the example described in the text. The same colour scale is used as in Fig. 2. The phase in (b) indicates that the beam is

characterized by a non-trivial set of singularities.

a single doublet cannot produce a combined convex and con-
cave phase landscape. Moreover, larger gradients concentrate
close to sources and, therefore, outside or at the edges of the
beam section for a perfectly harmonic phase plate.

In general, it would be possible to create a matrix formal-
ism to treat all multipole contributions at different planes
and to describe the results in terms of Zernike polinomials.
However, the absence of discontinuities on normal multi-
poles limits the effective phases to very smooth landscapes
unless a very large number of planes and orders of multipoles
are used.

A simple extension involves allowing electrodes to be intro-
duced to create a quasi-harmonic configuration. Although Eq.
(14) cannot be simplified directly, the £ AzV?¢, term is non-
zero in the region where electrodes are present and which is
(usually) not electron-transparent.

Figure 6 shows an example of the use of single needles, of
the type used in an OAM sorter, in coupled phase plates.
The phase plates were separated by a distance on the order
of the Fresnel distance to increase the second-order phase ef-
fect. The distance between the phase plates plays the role of
a linear phase scaling term, but does not alter the overall shape
of the result. For a needle of size 10 um, the distance would be
on the order of metres. However, it can be scaled down to di-
mensions of mm by applying a larger bias voltage to the

needle. The result is an overall phase plate with large phase
maxima. The solution is similar but not identical to that of a
single needle with a non-uniform charge distribution, especial-
ly because the non-harmonic region extends beyond the needle
area. The result is compared to an exact calculation in the fig-
ure. The difference arises from the breakdown of the validity
of Eq. (12) close to the needle, which violates the harmonic
constraint.

If the first phase plate is not the complex conjugate of
the second phase plate, then the above formula can be
generalized to gror=4|Ve|?Az+ ¢, — p,. This situation
has the effect of superimposing an additional harmonic phase
plate.

A more complex solution involves stacking a larger number
of phase plates. However, this approach can become compli-
cated, as a stack of two phase plates produces an overall non-
harmonic phase and the above equation cannot be applied to a
larger cascade. For example, a combination of three harmonic
phase plates contains terms such as V2|Vg,|* and [V|Vg,|?|*.

In general, phase derivatives tend to be small in material-
free parts, resulting in a limitation on what can be achieved us-
ing a perfectly harmonic phase plate. The quasi-harmonic ap-
proach appears to be the only promising approach for
achieving near-universal programmable phase control with re-
duced obstructions.
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Fig. 6. Example of the effect of stacking two opposite harmonic phase plates separated by a distance Az, as shown in (a). The position of a uniformly
charged needle is marked with a red line in the phase plate shown in (b). If the gradient is calculated analytically, then the result is the phase landscape
shown in (c). Instead, (d) shows the phase for explicit propagation by one Fresnel distance. The small difference around the tip arises from a breakdown of
harmonicity. In this specific example, we used a propagation Az of ~10% of the Fresnel distance and increased the final phase by a factor of 10.

Outlook

The numerical and analytical approaches presented in
Sections 3 and 4 represent two different families of approaches
to arbitrary beam shaping using (quasi) harmonic phase
plates. A combined approach can be envisaged that uses the
two approaches to obtain a more general solution, while re-
taining the framework of harmonic phase plates and conform-
al mapping. For example, it is possible to approximate a
generic but relatively regular phase plate by a combination
of needles. Such an approach could form a basis for further
regularization of wavefront matching. The conditions under
which the solution converges are under investigation. Taken
together, our results provide confidence that, for a large
enough number of phase plates, an iterative quasi-harmonic
solution can be found.

Conclusions

This paper describes arbitrary electron beam shaping based on
the stacking of harmonic or quasi-harmonic phase plates. Such
phase plates offer the prospect of near-lossless implementation
in electron optics. A solution to create an arbitrary wavefront
based on an iterative approach inspired by light optics is
shown to be promising but difficult to implement in the ab-
sence of a harmonic constraint on the phase. As harmonic
phase plates are related to conformal mappings, an analytical

framework can be used to design a class of non-harmonic
phase elements, starting from quasi-harmonic phase elements.
An analytical formalism for both Fraunhofer and Fresnel map-
ping has been described. Both numerical and analytical ap-
proaches show that there is an important difference between
quasi-harmonic and perfectly harmonic phase plates, as only
the former can produce a sufficiently general phase landscape
in a three-dimensional stacking concept. Our results show that
there is a wide range of possibilities for generalized near-
harmonic three-dimensional phase plate design.
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