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a b s t r a c t

It is demonstrated how an electron-optical arrangement consisting of two electron biprisms can be used
to generate three-wave vortex lattices with effective lattice spacings between 0.1 and 1 nm. The
presence of vortices in these lattices was verified by using a third biprism to perform direct phase
measurements via off-axis electron holography. The use of three-wave lattices for nanoscale electro-
magnetic field measurements via vortex interferometry is discussed, including the accuracy of vortex
position measurements and the interpretation of three-wave vortex lattices in the presence of partial
spatial coherence.

& 2014 Elsevier B.V. All rights reserved.

1. Introduction

Apart from their intrinsic appeal from a fundamental perspec-
tive, vortical electron wavefields may prove very useful for the
measurement of nanoscale electromagnetic fields. A number of
methods have now been demonstrated for producing vortical
electron wavefields, ranging from holographic masks [1] to optical
aberrations [2,3]. In addition to isolated vortices, methods for
producing both light and electron wavefields containing arrays of
vortices have also been pursued. One possible application of
electron vortex arrays is to use the vortices as fiducial markers
to measure an electromagnetic field via its effect on the phase of
the wavefield. Such approaches, often termed “vortex interfero-
metry”, have been proposed [4] and applied [5,6] in light optics.
Vortex interferometry permits a real-space approach to phase
retrieval [6], and compared to most Fourier-space reconstruction
schemes, has advantages in that it enables a direct measurement
of the unwrapped phase, as well as potentially enabling better
spatial resolution by bypassing the requirement of sideband
separation.

A light or an electron vortex consists of a point at which the
amplitude of the wavefield is zero, and around which the phase of
the wavefield winds by some (non-zero) integer multiple of 2π.
The number of 2π windings, taking into account the sign of the
winding as an anticlockwise path is traversed, determines the
topological charge of the vortex. A vortex lattice is a periodic array
of such vortices. The phenomenon of vortex lattice generation
from the interference of three, or more, coherent, non-coplanar

plane waves has been studied extensively [7–11]. In light optics,
plane waves possessing the required coherence are usually gener-
ated experimentally by amplitude division of laser light in an
interferometer [6,8,12,13], though vortex lattice generation by
wavefront division has also been analyzed [14] and demonstrated
experimentally [15].

In the case of electrons, several methods are available for
generating multiple interfering plane waves and hence vortex
lattices. Perhaps the most obvious of these is amplitude division
via diffraction from a crystal, where vortices can be generated
when the diffracted beams interfere in the image plane [16].
However, to be useful for electromagnetic field measurements,
the generation and interference of the plane waves must be
performed in a highly controllable and repeatable way. This is
unlikely to be achieved using the method just stated. On the other
hand, it can be achieved by wavefront division of the beam using
multiple electron biprisms [17,18]. Such an approach has been
demonstrated recently, where two orthogonal biprisms were used
to generate four-wave interference patterns containing electron
vortices [19]. In fact, similar four-wave interference experiments
were demonstrated and discussed in detail much earlier [18],
though not specifically in relation to vortices.

For four interfering waves, however, the existence of a vortex at
a point of zero intensity is dependent on the relative phases of the
waves, and for certain relative phases non-vortical intensity zeros
are obtained instead [9,19]. Moreover, four-wave vortices can follow
rather complicated paths in three-dimensional space, and they can
exhibit vortex creation and annihilation [9], meaning that the
vortices can be present at some positions along the optic axis,
and not others. However, most importantly, four-wave vortices are
unstable with respect to a perturbation in the phase of one of the
waves, an aspect that was also emphasized in the work of Eastwood
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et al. [6]. Hence, the use of four interfering waves is ill-suited to
vortex interferometry.

Three-wave vortex lattices, on the other hand, are considerably
simpler, though to the best of the authors' knowledge, this is the
first work to consider them for electrons. An intensity zero
produced by three interfering plane waves is guaranteed to
contain a vortex. Under free-space propagation, three-wave vor-
tices trace out straight parallel lines, and they do not exhibit
creation or annihilation [7,9]. They are also stable with respect to a
phase perturbation in one of the waves [6]. A three-wave vortex
lattice is also robust with respect to coherent lens aberrations,
which merely cause a rigid displacement of the lattice. Hence the
conditions for three-wave vortices are considerably more relaxed,
potentially enabling them to be used more effectively for electro-
magnetic field measurements via electron vortex interferometry.

The present work demonstrates the generation and phase
measurement of three-wave electron vortex lattices using a
transmission electron microscope (TEM) equipped with three
electron biprisms. Two biprisms are used to create a three-wave
lattice. However, as with all vortex lattices, the interference
patterns, taken alone, contain an ambiguity: there exist two lattice
configurations, of opposite topological charges, that have identical
interference patterns [20]. To prove unequivocally the existence of
vortices, and to resolve the topological charge ambiguity, a phase
measurement scheme is required. In this work, a third biprism is
therefore used to perform a phase measurement of the vortex
lattice, including the topological charge, by means of off-axis
electron holography. It is shown that this approach enables a
relatively simple generation and measurement scheme for three-
wave electron vortex lattices.

2. Theoretical background

This section briefly reviews the theory of three-wave vortex
lattices. Consider the electron wave function resulting from the
coherent superposition of three, non-coplanar plane waves, which
for the moment are assumed to be of unit amplitude:

ψ ðxÞ ¼ e2πika �xþe2πikb�xþe2πikc �x; ð1Þ
where x is a three-dimensional position vector, and ka, kb, kc are
the wave vectors. A coordinate system is chosen such that the z
axis, the optic axis, is normal to the plane defined by the tips of the
vectors ka, kb, kc. In this coordinate system, the three wave vectors
have a common z component kz, and the wave function can be
written in the form

ψ ðx; zÞ ¼ e2πikzzðe2πika �xþe2πikb�xþe2πikc �xÞ; ð2Þ
where bold symbols denote two-dimensional vectors lying trans-
verse to the optic axis. Factoring out one of the plane waves, plane
wave C, say, the wave function can be written in the form

ψ ðx; zÞ ¼ e2πikc �xe2πikzzð1þe2πikac �xþe2πikbc �xÞ; ð3Þ
where kac ¼ ka�kc and kbc ¼ kb�kc.

The existence of a vortex requires that the absolute value of the
wave function vanishes at the vortex position (since the phase at
that position is undefined). This demands that the three terms
contained in the parentheses in Eq. (3) sum to zero. Pictorially, if
each of these three terms is drawn as a phasor in the complex
plane, the phasors must form a closed triangle. A closed triangle
can actually be formed in two distinct ways, giving rise to vortices
and antivortices, respectively, as shown schematically in Fig. 1a.
Hence vortices and antivortices correspond to the phase condi-
tions

kac � x7
mn ¼m71

3 ; kbc � x7
mn ¼ n81

3 ; ð4Þ

where m and n are integers, and the upper and lower signs apply
to vortices and antivortices, respectively. By defining the vectors a
and b to be the duals of kac and kbc , the vortex and antivortex
positions are given by x7

mn ¼ ðm71=3Þaþðn81=3Þb, where the
different values of m and n give rise to a periodic vortex lattice in
two dimensions. It is noted the vortex positions are independent
of z. Hence, in three-dimensional space each vortex will trace out a
line parallel to the optic axis as it was defined above.

The fact that, under the stated conditions, a point of vanishing
absolute value must contain a vortex (or antivortex) is demon-
strated pictorially in Fig. 1b. There we see that the resultant of the
three-phasor sum necessarily acquires a phase of þ2π (or �2π for
an antivortex) as an anticlockwise path is traversed in the
immediate neighborhood of the point in question. Note that the

Fig. 1. Schematic representation of a three-wave vortex lattice. (a) The wave
function in a plane perpendicular to the optic axis (as defined in the text). Vortices
and antivortices (red and blue dots, respectively) exist wherever the three phasors
form a closed triangle in the complex plane. The lattice vectors a and b are the
duals of the transverse wave vectors kac and kbc , respectively. (b) The evolution of
the phasor sum as an anticlockwise path is traversed around a vortex. The phasor
sum (black arrow) is seen to acquire a phase of þ2π. (For interpretation of the
references to color in this figure caption, the reader is referred to the web version of
this paper.)
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factor e2πikc �x , which has been factored out in Eq. (3), serves only to
modulate the local orientation of the three phasors. This factor can
be neglected in the immediate vicinity of a vortex and therefore
cannot affect the presence of a vortex. Similarly, the existence of a
vortex is uninfluenced by the factor e2πikzz , which serves only to
rotate all phasors by the same amount. As the wavefield pro-
gresses along the optic axis z, the latter factor gives rise to the
well-known helical (antihelical) motions in the immediate vici-
nities of the vortices (antivortices).

For simplicity, it was assumed above that the three plane waves
are of equal amplitude. However, it is easy to imagine that this
assumption can be relaxed somewhat, and that a vortex lattice is
still obtained provided that the phasors of the three plane waves
can form closed triangles in the complex plane. It is also easy to
imagine that three-wave vortices are stable against phase pertur-
bations in one (or more) of the plane waves, and that such
perturbations will give rise to distortions in the vortex lattice
[6]. Moreover, a three-wave vortex lattice is robust against
coherent lens aberrations, which, under the isoplanatic approx-
imation, simply offset the relative phases of the waves and cause
only a rigid displacement of the lattice.

3. Three-wave vortex lattices

Experiments were performed using a Titan 80–300 FEG-TEM
(FEI Co.) operated at 300 kV and in standard conditions with the
objective lens switched on. (The experiments in the present work
could also be conducted in Lorentz mode, as would be appropriate
for magnetic field measurements.) The microscope is equipped
with three electron biprisms, though only two biprisms are
needed to generate a three-wave vortex lattice. The first biprism
(BP1) is located in the illumination system at the plane of the third
condenser lens (which was turned off). The second biprism (BP2)
is located in an extra lens inserted between the diffraction lens
and the imaging aberration corrector, while the third biprism
(BP3) is in the selected-area aperture position [21,22]. Normally,
when the extra lens is turned on, BP2 is in an image plane while
BP3 is just upstream of an image plane.

A three-wave electron vortex lattice can be generated using
two biprisms. The optics is adjusted so that the biprisms lie in
optically-conjugate planes, and the angle between the two bipr-
isms is set to approximately 601. This produces, in a plane down-
stream of the biprisms, regions of two-, three- and four-wave
interference as shown schematically in Fig. 2. The regions of three-
wave interference can be maximized by suitably defocusing the
biprisms. It is noted that if the angle between the biprisms is set to
901, as done in previous works [18,19], then three-wave regions
are not obtained.

Fig. 3 shows an experimental interference pattern produced by
BP2 and BP3 with bias settings þ333 and þ131 V, respectively. This
interference pattern was achieved by adjusting the extra lens so that
BP2 and BP3 were optically-conjugate, and then adjusting the
intermediate and diffraction lenses to optimize the biprism defocus.
The interference pattern in Fig. 3 exhibits regions of two-, three- and
four-wave interference, with the number of waves being propor-
tional to the average intensity in each region (compare with Fig. 2b).
The three-wave regions, which are of interest here, contain an
approximately-hexagonal set of fringes with a spacing of about
0.08 nm (relative to the specimen plane). The field of view in the
three-wave regions is roughly 10 nm across. Such a fringe spacing
and field of view are suitable for vortex-holographic measurements
of an electric field at approximately 0.2 nm spatial resolution. In the
case of magnetic field measurements, for which Lorentz mode would
be required to maintain a magnetic field-free condition at the
specimen, the magnification between the specimen and BP2/BP3

would be reduced by a factor of approximately 10, so that the field of
view and spatial resolutionwould increase and decrease by this same
factor, respectively.

Fig. 4 shows a similar interference pattern, except this time
produced by biprisms BP1 and BP2, using bias settings of þ156
and þ48 V, respectively. In this case, the bias settings were chosen

Fig. 2. The effect of two optically-conjugate positively-biased electron biprisms
separated by an angle of 601. (a) The electron wavefield in a plane conjugate to the
biprisms experiences transverse momenta indicated by the arrows. (b) After free-
space propagation over a finite distance, the wavefield consists of regions of two-,
three-, and four-wave interference, which can be rationalized by considering the
lateral displacements arising from the momenta indicated in a.

Fig. 3. Interference pattern produced by BP2 and BP3 containing regions of two-,
three- and four-wave interference. The three-wave regions contain vortex lattices
with a fringe spacing of 0.08 nm and a useable field of view approximately
10 nm wide.
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to give approximately 1 nm fringes from both biprisms. This fringe
spacing is coarser than that in the previous example, the reason
for which will be made clear below. As a point of detail, here the
objective lens strength had to be reduced to make the biprisms
optically conjugate, and then the extra lens was adjusted to
optimize the biprism defocus. The relative positions of the bipr-
isms and the objective lens meant that BP1 was magnified by
about three times relative to BP2. Also, the unavoidable higher
magnification of BP1 meant that the effect of Fresnel fringes from
the edges of this biprism was larger, and that the fringe contrast
was lower, due to biprism instabilities, than for BP2.

4. Phase measurement of the vortex lattice

The existence of vortices in the three-wave interference pat-
terns was verified by utilizing the third biprism in the microscope
to perform off-axis holography. Hence biprisms BP1 and BP2 were
used to generate a three-wave vortex lattice (with the same
settings as Fig. 4), while BP3 was used for the holographic phase
measurement. The bias of BP3 was set to þ80 V.

Fig. 5a shows the interference pattern produced by the three
biprisms. BP3 is positioned such that a reference wave is made to
interfere with the three-wave regions. Fig. 5b shows a high-
magnification view of the interference pattern in a three-wave
region, which contains a near-hexagonal set of 1 nm fringes (from
BP1 and BP2), and a set of 0.1 nm fringes (from BP3) which are
forked at the vortex positions. Close inspection of the forked
fringes reveals the position and sign of the vortices: the vortices
form an approximately hexagonal lattice with a vortex–antivortex
pair in each unit cell. As expected, the vortex positions occur at the
intensity minima.

The interference pattern in Fig. 5b was processed using con-
ventional Fourier-holographic methods. During the processing, the
sideband's origin was chosen to coincide with one of the three
plane waves (that corresponding to k1 in Fig. 2). Fig. 5c shows a
color representation of the retrieved phase, which proves unequi-
vocally the existence of vortex–antivortex pairs forming an
approximately-hexagonal lattice.

In the phase measurement described above, the interfer-
ences’ fringes introduced by BP3 must be fine enough to resolve
the vortex lattice. This can be couched in terms of the require-
ment that the sideband in Fourier space remains well-separated
from the centerband, or, alternatively, that the fringes intro-
duced by BP3 are at least three times finer than the vortex

lattice. This is a basic requirement regarding the spatial resolu-
tion of the Fourier-holographic method. To this end, the bias
settings of BP1 and BP2 were deliberately chosen to produce a
rather coarse vortex lattice, so that a phase measurement with
BP3 was then possible.

5. Vortex position accuracy

In an application of vortex interferometry, the accuracy with
which the vortex positions can be measured determines the phase
accuracy of the technique. While the holographic phase measure-
ment in Fig. 5 verifies the presence of vortices, it is likely that the
vortex positions, as determined from the retrieved phase, are less
accurate than those determined from the zeros (or minima) in the
three-wave intensity pattern. This occurs because, in Fourier
holography, some of the signal tends to be lost due to partial
coherence between the object and reference waves, as well as the
non-ideal modulation transfer function (MTF) of the CCD camera.
Hence, it is more accurate to locate the vortices as intensity
minima in a three-wave interference pattern such as Fig. 4b, since
partial coherence and MTF effects will be less deleterious.

The intensity IðxÞ in the vicinity of a vortex (e.g. in Fig. 4b) can be
described by a quadratic function in two dimensions, denoted here
as Q ðx;pÞ for some set of parameters p. Such a quadratic function
can always be written in the form Q ðxÞ ¼ ðx�x0ÞTMðx�x0Þþc,
where M is a real symmetric 2�2 matrix and x0 is the location of
the extremum. Hence locating an intensity minimum (vortex) can
be viewed as finding the best-fit parameters p¼ ðx0;M; cÞ. It is
assumed that the fit will minimize the reduced chi-squared error
χ̂ 2ðpÞ ¼N�1

DOF∑iðIi�QiðpÞÞ2=σ2
i , where σi2 is the expected squared

error in the intensity at the ith pixel, and NDOF is the number of
degrees of freedom. If Poisson statistics can be assumed, then
σ2
i ¼ 〈Ii〉� Ii. The squared error in the fitting parameters is given

by σ2
p ¼ χ̂ 2 diagðcovÞ, where diagðcovÞ represent the diagonal ele-

ments of the parameter covariance matrix [23].
Such an analysis applied to Fig. 4b gave a vortex position

accuracy of � 5 pm (sub-pixel accuracy). Given that the spacing of
the three-wave lattice is approximately 1 nm, such an accuracy in
the vortex positions amounts to a phase resolution of approxi-
mately 2π=200. Naturally, the phase resolution obtained depends
on the signal-to-noise ratio in the interference pattern, which is
itself determined by the illumination conditions and the exposure
time. For finer lattices capable of higher spatial resolution, the

10 nm

BP1

BP2

BP3

Three-Wave Regions

0.5 nm
a

b

Fig. 4. (a) Interference pattern produced by biprisms BP1 and BP2 containing regions of two-, three-, and four-wave interference (a separate two-wave region caused by BP3
is also visible at the bottom). (b) High-magnification view of one of the three-wave regions exhibiting a fringe spacing of approximately 1 nm (this image has been rotated by
101 with respect to a). The unit cell vectors a and b are the duals of k1þk2 and k1�k2, where k1 and k2 are defined in Fig. 2. The red and blue dots indicate the anticipated
positions of vortex and antivortex positions. (For interpretation of the references to color in this figure caption, the reader is referred to the web version of this paper.)
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phase resolution will tend to be lower (all other parameters kept
constant).

6. Coherence requirements for stable three-wave lattices

In Figs. 3 and 4, the vortices correspond to intensity minima
rather than intensity zeros, which results mainly from the finite
transverse spatial coherence of the electron beam and the biprism
instability. From a theoretical perspective, the partial spatial
coherence and instabilities mean that the wavefield cannot be
described by a single wave function. Rather, the wavefield must be
described as either an incoherent superposition of partial wave
functions, a density matrix, or a Wigner distribution. Hence, the
interpretation of a vortex lattice actually requires further consid-
eration, since the intensity does not vanish at any point. While
there is a significant body of literature devoted to what are termed
“coherence vortices” (see [24] and references therein), the special
case of three-wave interference allows a particularly simple
analysis and interpretation, which is presented below. The reader
is forewarned that the considerations below concern the partial
coherence of the vortex lattice itself, and not the coherence
between the “object” and “reference” waves that is typically
considered in off-axis holography.

Partial spatial coherence (as well as instabilities more rapid
than the exposure time) can be included by introducing an
effective incoherent source distribution SðxÞ. In the ideal case that
the source is point-like and located on the optic axis, then
SðxÞ ¼ δðxÞ, and the coherent three-wave interference pattern is
given by

IðxÞ ¼ jψ ðxÞj2
¼ je2πika �xþe2πikb�xþe2πikc �xj2
¼ 3þ2 cos ð2πkab � xÞþ2 cos ð2πkbc � xÞþ2 cos ð2πkca � xÞ;

ð5Þ
where ka, kb, kc are the transverse wave vectors, and kab, kbc, kca

are the differences in these wave vectors. On the other hand, for a
centrosymmetric but otherwise arbitrary effective source SðxÞ, the
cosine terms (which correspond to interfering plane waves) are
weighted in the following manner:

IðxÞ ¼ 3þSab cos ð2πkab � xÞþSbc cos ð2πkbc � xÞ
þSca cos ð2πkca � xÞ; ð6Þ

where Sab, Sbc, Sca are shorthand for ~SðkabÞ, ~SðkbcÞ, ~SðkcaÞ, with ~SðkÞ
being the Fourier transform of SðxÞ. Since the function SðxÞ is

normalized according to
R
d2x SðxÞ ¼ 1, it follows that ~SðkÞr1 for

“typical” sources. Hence, each of the interference terms is
weighted by a factor less than or equal to unity, i.e., partial
interference.

It can be verified that the three-wave interference pattern in
Eq. (6) will also be produced, apart from a constant background
term, by the following effective wave function:

ψ 0ðxÞ ¼ SabSca
Sbc

� �1=2

e2πika�xþ SbcSab
Sca

� �1=2

e2πikb�x

þ ScaSbc
Sab

� �1=2

e2πikc �x: ð7Þ

Hence, in the special case of three-wave interference, an arbitrary
degree of spatial coherence still permits an interpretation of the
intensity, apart from a constant background, in terms of three
coherent plane waves. In a restricted sense, the introduction of
partial coherence can be regarded as producing a change in the
amplitudes of the three waves. Importantly for the present work, if
the intensity distribution in Eq. (6) is to contain minima that are
stable against phase perturbations, then this is equivalent to
demanding that the effective wave function ψ 0 contains vortices.
Hence, ψ 0 must vanish at certain points (see Fig. 1), which, it can
be shown, requires that the source's Fourier coefficients satisfy the
triangle inequalities:

SabScaoSbcSabþScaSbc;

SbcSaboScaSbcþSabSca;

ScaSbcoSabScaþSbcSab: ð8Þ
These inequalities are summarized graphically in Fig. 6.

For simplicity, the effective source is now assumed to be
rotationally-symmetric, corresponding to approximately round
Kohler illumination, as used in the experiments described above.
For the present setup, where three-wave interference is produced
by two biprisms separated by 601, two of the difference wave
vectors, kab and kbc, say, are equal in length, while the other, kca, is
longer by a factor of

ffiffiffi
3

p
. Hence, in this case Sab � Sbc and Sca ¼ xSab,

where 0oxo1. From the triangle inequalities (or Fig. 6), the
degree of coherence must satisfy x41=2 in order for ψ 0 to contain
vortices. If the effective source is further assumed to be Gaussian-
distributed, then ~SðkÞ ¼ e�k2=2σ2

, and the condition for vortices
becomes k2

cao2σ2 ln 2þk2
ab. For a given source size σ, this places a

constraint on the size of the lattice that can contain stable minima.
For lattice sizes down to � 1 nm, this requirement can be easily
satisfied in a modern FEG-TEM. However, for significantly smaller

10 nm

BP1
BP2

BP3

Three-Wave Regions

0.5 nm 0.5 nm

Fig. 5. Holographic phase measurement of three-wave vortex lattice. (a) The interference pattern produced by biprisms BP1, BP2 and BP3. (b) High-magnification view of
three-wave region exhibiting forked interference fringes at the vortex positions (this image has been rotated 101 with respect to a). (c) Color representation of the retrieved
phase with arrows indicating the direction of the local phase gradient. Vortices correspond to points where the different colors meet, as in the phase color wheel at lower
right. Alternatively, vortices and antivortices correspond to points around which the phase gradient winds clockwise or anticlockwise. (For interpretation of the references to
color in this figure caption, the reader is referred to the web version of this paper.)
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lattices, with a size of about 0.1 nm or less, this requirement may
become increasingly difficult to satisfy while maintaining an
adequate beam intensity.

7. Conclusion

The generation of three-wave electron vortex lattices using two
biprisms was demonstrated. The presence of vortex–antivortex
pairs in the lattice was proved unequivocally by using a third
biprism to perform a direct phase measurement. Similar measure-
ments could also be used to verify the presence of vortices in
irregular arrays of vortices, such as those produced by three
interfering spherical waves [14], those contained in electron Airy
beams [25], or those contained in electron-optical catastrophes [2].

The accuracy of the vortex positions was discussed, and it was
argued that it is more accurate to measure the positions directly
from the intensity minima in the three-wave interference pattern,
rather than the holographically-retrieved phase. For the case
considered, the vortex position accuracy corresponded to a phase
accuracy of 2π=200 at a spatial resolution of 1 nm.

An analysis of the coherence requirements for three-wave
vortices was presented. It was demonstrated that, even for an

arbitrary degree of partial coherence, a three-wave interference
pattern can be interpreted in terms of an effective coherent
superposition of three plane waves (apart from a constant back-
ground). However, if the interference pattern is to contain minima
that are stable against phase perturbations, then certain require-
ments of partial coherence must be met.

Finally, the two-biprism setup demonstrated here should
permit nanoscale electromagnetic field measurements via vortex
interferometry. Such measurements will form the subject of a
future publication.
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